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Resumo

O presente trabalho teve o intuito de estudar os seguintes problemas: Lim-
ite Hidrodinamico para o processo de exclusado simples simétrico (SSEP) com uma
membrana lenta e as Flutuacoes fora do equilibrio para o SSEP com um elo lento.
Mais precisamente, o modelo em estudo do Limite Hidrodinamico é o SSEP, no
toro d-dimensional, que possui uma membrana A cuja taxa de passagem é dada
por a/N”?, o > 0, menor do que a taxa em outros elos. Devido a existéncia desta
membrana lenta, dependendo do regime do parametro que regula a lentidao desta
membrana, aparecem a nivel macroscopico condic¢oes de fronteira. Para g € [0, 1),
a equacao hidrodindmica é dada pela equacédo de calor no toro continuo, signifi-
cando que a membrana lenta néo tem efeito no limite. Para § € (1, ], a equagéo
hidrodinamica é dada pela equacéo de calor com condi¢oes de bordo de Neumann,
significando que a membrana divide o toro em duas regides isoladas A and A’. E,
para o valor critico 5 = 1, a equacao hidrodinamica é dada pela equacéo de calor
com condicoes de fronteira de Robin, relacionada com a lei de Fick. No caso das
Flutuacgoes, o modelo em estudo é o SSEP unidimensional que possui um elo lento.
A grande dificuldade no trabalho das Flutuacées, foi obter as estimativas precisas
de probabilidades de transicdo de passeios aleatéorios de dimensao 1, quando ol-
hamos para a derivada discreta e de dimensao 2 quando olhamos para a funcao
correlacéo.

Palavras-chave: Sistema de Particulas, limite hidrodinamico, flutuacoes, pro-
cesso de exclusao.



Abstract

The present work aims to study the following problems: The Hydrodynamic
Limit for the simple symmetric exclusion processes (SSEP) with a slow mem-
brane and the non-equilibrium fluctuations for the SSEP with a slow bond. more
precisely, the model in study of the Hydrodynamic Limit is the SSEP in the d-
dimensional torus, bonds crossing the membrane A have jump rate a/N”, a > 0,
lower than the rate in other bonds. Due to the existence of this slow membrane,
depending on the regime of the parameter that regulates the slowness of this mem-
brane, boundary conditions appear ate macroscopic level. For g € [0, 1), the hydro-
dynamic equation is given by the usual heat equation on the continuous torus,
meaning that the slow membrane has no effect in the limit. For g € (1, o], the
hydrodynamic equation is the heat equation with Neumann boundary conditions,
meaning that the slow membrane divides the torus into two isolated regions A and
A®. And, for the critical value 3 = 1, the hydrodynamic equation is the heat equa-
tion with certain Robin boundary conditions related to the Fick’s Law. In the case
of Fluctuations, the model in study is the SSEP one-dimensional with a slow bond.
The main difficulty of this work is a precise estimate of transition probabilities
of random walks, in 1-d when looking at the discrete derivative and in 2-d when
looking at the correlation.

Keywords: Particle Systems, hydrodynamic limit, fluctuations, exclusion process.
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Chapter 1

Introduction

This thesis is focused on the development of two important contributions in the
area of scaling limits of interacting particle systems. The first result establishes
the hydrodynamic limit for a symmetric simple exclusion process (SSEP) on the
d-dimensional discrete torus T¢ with a spatial non-homogeneity given by a slow
membrane. The slow membrane is defined here as the boundary of a smooth sim-
ple connected region A on the continuous d-dimensional torus T¢. In this setting,
bonds crossing the membrane have jump rate a/N” and all other bonds have jump
rate one, where a > 0, 5 € [0,00|, and N € N is the scaling parameter. In the dif-
fusive scaling we prove that the hydrodynamic limit presents a dynamical phase
transition, that is, it depends on the regime of 5. For 5 € [0, 1), the hydrodynamic
equation is given by the usual heat equation on the continuous torus, meaning that
the slow membrane has no effect in the limit. For 5 € (1, ], the hydrodynamic
equation is the heat equation with Neumann boundary conditions, meaning that
the slow membrane A divides T? into two isolated regions A and A’. And for the
critical value § = 1, the hydrodynamic equation is the heat equation with cer-
tain Robin boundary conditions related to the Fick’s Law. The second result is the
non-equilibrium fluctuations for the one-dimensional symmetric simple exclusion
process with a slow bond. This generalizes a result of [8,[10], which dealt with the
equilibrium fluctuations. The foundation stone of our proof is a precise estimate
on the correlations of the system. To obtain these estimates, we first deduce a spa-
tially discrete PDE for the covariance function and we relate it to the local times of
a random walk in a non-homogeneous environment via Duhamel’s principle. Pro-
jection techniques and coupling arguments reduce the analysis to the problem of
studying the local times of the classical random walk. We think that the method
developed here can be applied to a variety of models, and we provide a discussion
on this matter.



Chapter 2

Hydrodynamic Limit for the SSEP
with a slow membrane

2.1 Introduction

A central question of Statistical Mechanics is about how microscopic interac-
tions determine the macroscopic behavior of a given system. Under this guideline,
an entire area on scaling limits of interacting random particle systems has been
developed, see [18] and references therein.

In the last years, many attention has been given to scaling limits of (spatially)
non-homogeneous interacting systems, see for instance [12, [7] among many oth-
ers. Such an attention is quite natural due to the fact that a non-homogeneity may
represent vast physical situations, as impurities, changing of density in the media
etc. Among those interacting particles systems, processes of exclusion type have
special importance: they are, at same time, mathematically tractable and have a
physical interaction, leading to precise representation of many phenomena. Being
more precise, a random process is called of exclusion type if it has the hard-core
interaction, that is, at most one particle is allowed per site of a given graph. The
random evolution of the system (in the symmetric case) can be described as fol-
lows: to each edge of the given graph, a Poisson clock is associated, all of them
independent. At a ring time of some clock, the occupation values for the vertexes
of the corresponding edge are interchanged.

In [12], a quite broad setting for the one-dimensional symmetric exclusion pro-
cess (SEP) in non-homogeneous medium has been considered, being obtained its
hydrodynamic limit, that is, the law of large numbers for the time evolution of the
spatial density of particles. The hydrodynamic equation there was given by a PDE
related to a Krein-Feller operator. And in [6]], the fluctuations for the same model
were obtained.

The scenario for the SEP in non-homogeneous medium in dimension d > 2 up
to now is far less understood. In [25], a generalization of [12] to the d-dimensional
setting was reached. However, the definition of model there was very specific to
permit a reduction to the one-dimensional approach of [12].



In [13], the hydrodynamic limit in the diffusive scaling for the following d-
dimensional simple symmetric exclusion process (SSEP) in non-homogeneous medi-
um was proved, where the term simple means that only jumps to nearest neigh-
bors are allowed. The underlying graph is the discrete d-dimensional torus, and
all bonds of the graph have rate one, except those laying over a (d — 1)-dimensional
closed surface, which have rate given by N~! times a constant depending on the
angle between the edge and the normal vector to the surface, where NN is the scal-
ing parameter. The hydrodynamic equation obtained was given by a PDE related
to a d-dimensional Krein-Feller operator. Despite less broad in certain sense than
the setting of [25], the model in [13] cannot be approached by one-dimensional
techniques, being truly d-dimensional.

N-ITY,

{(

)
L
)

Figure 2.1: The region in gray represents A, and the white region represents its
complement A’. The grid represents N~'T%, the discrete torus embedded on the
continuous torus T¢. By 5 (u) we denote the normal exterior unitary vector to A at
the point u € JA.

In the present paper, we consider a d-dimensional model close to the one in [13]]
and related to the slow bond phase transition behavior of [7, 8, 9]. It is fixed a
(d — 1)-dimensional smooth surface OA in the continuous d-dimensional torus T¢,
see Figure Edges have rates equal to one, except those intersecting 0A, which
have rate a/N®, where a > 0, 8 € [0,00] and N € N is the scaling parameter.
Here we prove the hydrodynamic limit, which depends on the range of 3, namely,
if 5€0,1),5=10rp € (1,00].

For g € [0, 1), the hydrodynamic equation is given by the usual heat equation:
meaning that, in this regime, the slow bonds do not have any effect in the contin-
uum limit. For 5 € (1, ], the hydrodynamic equation is the heat equation with
the following Neumann boundary conditions over 0A:

Op(t.u®) _Op(hu”) _ o ups 0 ue A

9¢(u) 9¢(u)

where ( is the normal unitary vector to dA. This means that, in this regime, the
slow bonds are so strong that there no flux of mass through JA in the continuum,
despite the existence of flux of particles in the discrete for each N € N. For the




critical value $ = 1, the hydrodynamic equation is given by the heat equation with
the following Robin boundary conditions:

_ d
Op(t,ut) _ Dplt,u”) _ a<p(t,u+) - p(t,u*)) STIC ) e)l, >0, uedn, (2.1)
j=1

9¢(u) 9¢(u)

where u~ denotes the limit towards u € OA through points over A while u™ denotes
the limit towards v € JA through points over A’ and {e; ..., e,} is the canonical
basis of RY.

We observe that the Robin boundary condition above is in agreement with the
Fick’s Law: the spatial derivatives are equal due to the conservation of particles,
representing the rate at which the mass crosses the boundary. Such a rate is
proportional to the difference of concentration on each side of the boundary, being
the diffusion coefficient through the boundary at a point v € JA given by D(u) =
o z;l:l 1(C(u), e;)|. Since ((u) is a unitary vector, the reader can check via Lagrange
multipliers that this diffusion coefficient satisfies

a < D) < avd

in dimension d > 2. Moreover, in this case § = 1, the hydrodynamic equation ex-
hibits the phenomena of non-invariance for isometries. Let us explain this notion.
Consider an isometry T : T? — T¢, an initial density profile p, : T¢ — [0, 1] and
denote by (S(t)po)(u) the solution of the usual heat equation with initial condition

po- Then,
(S(t)(po o T))(u) = (S(t)po)(T(u)).

In other words, if we isometrically move the initial condition of the usual heat
equation, the solution of the PDE under this new initial condition is the equal
to the previous solution moved by the same isometry. On the other hand, as we
can see in (2.1), the diffusion coefficient D(u) depends on how the surface JA is
positioned with respect to the canonical basis. Hence the PDE for 5 = 1 is not
invariant for isometries, differently from the cases § € [0,1) and 5 € (1, c]. Note
that the diffusion coefficient also says that the underlying graph plays a role in the
limit.

Besides the dynamical phase transition itself, this work has the following fea-
tures. First of all, in contrast with some previous works, the hydrodynamic equa-
tions are characterized as classical PDEs, with clear interpretation. In the regime
B € [0,1), the proof relies on a sharp replacement lemma which compares occupa-
tions of neighbor sites in opposite sides of OA. For § = 1, the proof is based on a
precise analysis of the surface integrals and the model drops the ad hoc hypoth-
esis adopted in [13]: here the rates for bonds crossing JA are all equal to a/N,
with no extra constant depending on the incident angle. Finally, a remark the
uniqueness of weak solutions for the cases § = 1 and § € (1,0]. Uniqueness of
weak solutions are in general a delicate and technical issue, specially for dimen-
sion higher than one. In Proposition we provide a general statement which
leads to the uniqueness of weak solutions in both cases § = 1 and 3 € (1, oc]. The
keystone of the proof is the notion of Friedrichs extension for strongly monotone
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symmetric operators. The uniqueness statement has the feature of being sim-
ple, d-dimensional and easily adaptable to many contexts. However, it is strictly
limited to the uniqueness of weak solutions of parabolic linear PDEs with linear
boundary conditions.

The paper is divided as follows: In Section we state definitions and results.
In Section we draw the strategy of proof for the hydrodynamic limit. In Sec-
tion is reserved to the proof of tightness of the processes. In Section we
prove the necessary replacement lemmas and energy estimates. In Section
we characterize limit points as concentrated on weak solutions of the respective
PDEs, and in Section [2.7| we assure uniqueness of those weak solutions.

2.2 Definitions and Results

Let T? be the continuous d-dimensional torus, which is [0,1)¢ with periodic
boundary conditions, and let T4 be the discrete torus with N¢ points, which can
naturally embedded in the continuous torus as N~'T4, see Figure We there-
fore will not distinguish notation for functions defined on T? or N~'T¢%.

By n = (n(x)),ere we denote configurations in the state space Qy = {0, 1T,
where 7(z) = 0 means that the site = is empty, and 7n(x) = 1 means that the
site = is occupied. By a symmetric simple exclusion process we mean the Markov
Process with configuration space 2y and exchange rates Sj;\fy > 0 for z,y € T%
with ||z — y||; = 1. This process can be characterized in terms of the infinitesimal
generator £y acting on functions f : Qy — R as

) = 3 Z Neve, [F79) = F)]

:EE'JTd Jj=1
where {e;,...,e4} is the canonical basis of R? and n**% is the configuration ob-
tained from 1 by exchanging the occupation variables n(x) and n(x + ¢;), that is,
n(x+e;), if y=ux,

y) = n(z), ify=z+e;,
n(y), otherwise.

nx@—&-ej (

The Bernoulli product measures {v)' : 6 € [0,1]} are invariant and in fact, re-
versible, for the symmetric nearest neighbor exclusion process introduced above.
Namely, v/} is a product measure on 2y whose marginal at site x € T4 is given by

vy {n:n(x) =1} =
Fix now two parameters o > 0 and § € [0,00] and a simple connected closed
region A C T? whose boundary dA is a smooth (d — 1)-dimensional surface. The
symmetric simple exclusion process with slow bonds over OA (SSEP with slow bonds
over JA) we define now is the particular simple symmetric exclusion process with
exchange rates given by

o X ) x T+ e;
— if Z eAand =2 e AL, or = € Al and I el
{N _ NG 1 N € Aand —* € A*, or N e an N e A, 2.2)

T,x+€e; .
1, otherwise,



forall z € T and j = 1,...,d. That is, the slow bonds of the process will be the
bonds in N~!T¢ for which one of its vertices belongs to A and the other one belongs
to AC. See Figure 2.1|for an illustration.

Note that, when § = oo, there are no crossings of particles through the bound-
ary 0A. From now on, abusing of notation, we will call the generator of the SSEP
with slow bonds over OA by Ly, being understood that jump rates will be given
by 2.2).

Denote by {n; : t > 0} the Markov process with state space Q2 and generator
N2Ly, where the N? factor is the so-called diffusive scaling. This Markov pro-
cess depends on N, but it will not be indexed on it to not overload notation. Let
D(R.,,Qy) be the Skorohod space of cadlag trajectories taking values in Qy. For a
measure xy on 0y, denote by P the probability measure on D(R,y) induced
by the initial state uy and the Markov process {7, : ¢ > 0}. Expectation with
respect to P will be denoted by E .

In the sequel, we present the partial differential equations governing the time
evolution of the density profile for the different regimes of 3, defining the notion
of weak solution for each one of those equations. Denote by p; a function p(¢,-)
and denote by C"(T¢) the set of continuous functions from T? to R with continuous
derivatives of order up to n. Let (-,-) and || - || be the inner product and norm in
L?(T%), that is,

(f,9) = | fglu)du and |[f|=V{f.f), V[ gel(T).  (23)
T
Fix once and for all a measurable density profile p, : T — [0,1]. Note that p is
bounded.
Definition 1. A bounded function p : [0,T] x T¢ — R is said to be a weak solution

of the heat equation

{ Op(t,u) = Ap(t,u), >0, ueT, (2.4)

p(0,u) = po(u), u € T
if, for all functions H € C?*(T%) and all t € [0,T], the function p(t,-) satisfies the

integral equation

() = (oo 11~ | (oo AH)ds = 0.

We recall next the definition of Sobolev Space from [5]. Let U be an open set
of R? or T¢. The Sobolev Space H!(U) consists of all locally summable functions
# : U — R such that there exist functions 9, x € L*(U), j=1,...,d, satisfying

/w Ou, H(u)k(u) du = — TdH(u)aujH(u) du

for all H € C°°(U) with compact support. Furthermore, for x € H'(U), we de-
1/2
fine the norm (x| = (Z;.lzl Jo \8uj/f}2 du) . Finally, we define the space

6



L?([0,T),H'(U)), which consists of all measurable functions 7 : [0,7] — H!(U) such
that

1/2
Il 2 om0 @) / HTtuﬂl(U dt < 0.

Note that U = T4\0A is an open subset of T¢.
The following notation will be used several times along the text. Given a func-
tion f : T"\OA — R and u € A, we denote
f(w®) = lim f(v) and f(u") := lim f(v), (2.5)

veAl e

that is, f(u™) is the limit of f(v) as v approaches u € JA through the complement of
A, while f(u™) is the limit of f(v) as v approaches u € JA through A. Let 14 be the
indicator function of a set A, that is, 14(a) = 1 if a € A and zero otherwise. Denote
by 5 (u) the normal unitary exterior vector to the region A at the point u € A and
by 0/ dC the directional derivative with respect to (| (u).

Below, by (i, ) we denote the canonical inner product of two vectors @ and ¢ in
R?, which shall not be misunderstood with the inner product in L?(T%) as defined
in (2.3). By dS we indicate a surface integral.

Definition 2. A bounded function p : [0,T] x T? — R is said to be a weak solution
of the following heat equation with Robin boundary conditions

Op(t,u) = AP( u), t>0,ueT?

8p(t,u) (’ )fa t,ut d e, t >0, ue 0\,
oy " aduy " b)) el t2 0.

p(O,u) = pO( )7 ueT?.

(2.6)
if p € L*([0,T],H'(T\OA)) and, for all functions H = hy15 + hol,c with hy, hy €
C?*(T?) and for all t € [0,T), the following the integral equation holds:

<%m—@wﬂiﬂ%Am%—AA£Mﬂ S0 0, Hut)(C(u), e5) dS(u)ds

//aApS Za H(u™){C(u), e;) dS(u)ds

7j=1

+/0t /aAa (ps(u‘)—ps(u+))(H(u+)—H(u‘))(zd:y((u),ejﬂ) dS(u)ds = 0.

j=1
The reader should note that the function H is (p0551b1y) discontinuous at the

boundary 0OA. Note also that the expression Z GUJH (ut){C(u), e ;) appearing in

the integral equation above is nothing but dH (u*)/ dC due to linearity of the direc-
tional derivative.



Definition 3. A bounded function p : [0,T] x T? — R is said to be a weak solution
of the heat equation with Neumann boundary conditions

Op(t,u) = Ap(t,u), t>0,ueT
dp(t,ut) _ dp(t,u)
a¢(u) a¢(u)
p(O,U) = pO(“)? (S Tﬂa

if p € L*([0,T),H (T\OA)) and, for all functions H = hy15 + hol,c with hy, hy €
C?(T9) and for all t € [0, T, the following integral equation holds:

) = {puut) = [ sityas = [ [ gt )3 00, H) e dSu)ds

7j=1

// ps(u Zaujﬂ C(u), ;) dS(u)ds = 0.
oA =

Since in Definitions 2| and [3| we impose p € L?([0, 7], H'(T4\0A)), the integrals
above are well-defined on the boundary due to the notion of trace in Sobolev spaces,
see [5] on the subject. We clarify that the notion of weak solutions above have
been defined in the standard way of Analysis: the reader can check that a strong
solution of (2.4), (2.6) or (2.7) is indeed a weak solution of the respective PDE.

Fix a measurable density profile py : T¢ — [0,1]. For each N € N, let uy be
a probability measure on Qy. A sequence of probability measures {uy : N > 1}
is said to be associated to a profile p, : T¢ — [0,1] if, for every § > 0 and every
continuous function H : T¢ — R the following limit holds:

%Z (x/N)n /H u)po(u)du

d
z€T

=0, t>0, ue A, (2.7)

]\}lm ,LLN{ >5} = 0. (2.8)

Below, we establish the main result of this paper, the hydrodynamic limit for

the exclusion process with slow bonds, which depends on the regime of .

Theorem 2.2.1. Fix ( € [0, 00]. Consider the exclusion process with slow bonds over
OA with rate a N~ at each one of these slow bonds. Fix a Borel measurable initial
profile py : T¢ — [0, 1] and consider a sequence of probability measures {{in}nen on
QO associated to py in the sense of (2.8). Then, for each t € [0,T),

N
A}l_r)IIOO]P) [ Nd Z (x/N)n(z /H p(t,u)du

zer
for every § > 0 and every function H € C(T?) where:
e If B €10,1), then pis the unique weak solution of (2.4).

>6] =0,

e If 5 =1, then pis the unique weak solution of (2.6).

o If 5 € (1,00]|, then p is the unique weak solution of (2.7).

The assumption that A is simple and connected may be dropped, being imposed
only for the sake of clarity. Otherwise, notation would be highly overloaded.
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2.3 Scaling Limit and Proof’s Structure

Let M be the space of positive Radon measures on T? with total mass bounded
by one, endowed with the weak topology. Let 7V € M the empirical measure at
time t associated to 7,, it is a measure on T¢ obtained rescaling space by N:

ﬂ-iv(du) = 7TtN(77t7dU = Nd Z nt z/N du

xe’]l‘d

where §, denotes the Dirac measure concentrated on v € T¢. For a measurable
function H : T¢ — R which is 7-integrable, denote by (7Y, H) the integral of H
with respect to 7:

<7Tt’ - Ndz % 7It

:JcG']Td

Note that this notation (,-) is also used as the inner product of L*(T¢). Fix once
and for all a time horizon 7" > 0. Let D([0, 7], M) be the space of M-valued cadlag
trajectories 7 : [0,7] — M endowed with the Skorohod topology. Then, the M-
valued process {7 : t > 0} is a random element of D([0, 7], M) determined by
{n; : t > 0}. For each probability measure 1,y on Qy, denote by Qﬁ NV the distribution
of {w : t > 0} on the path space D([0,T], M), when 7}’ has dlstrlbutlon LN -

Fix a continuous Borel measurable profile p, : T¢ — [0,1] and consider a se-
quence {uy : N > 1} of measures on )y associated to p,. Let Q° be the probability
measure on D([0,7], M) concentrated on the deterministic path (¢, du) = p(t, u)du,
where:

e if 5 €0, 1), then p is the unique weak solution of (2.4),
e if 5 =1, then p is the unique weak solution of (2.6),

e if 5 € (1,0¢], then p is the unique weak solution of (2.7).

Proposition 2.3.1. For any € |0, x|, the sequence of probability measures Q
converges weakly to Q° as N goes to infinity.

The proof of this result is divided into three parts. In the next section, we
show that tightness of the sequence {Q" : N > 1}. In Section we prove a
suitable Replacement Lemma for each regime of 3, which will be crucial in the
task of characterizing limit points. In Section we characterize the limit points
of the sequence for each regime of the parameter 5. Finally, the uniqueness of
weak solutions is presented in Section and this implies the uniqueness of limit
points of the sequence {Q)" : N > 1}.

Finally, we note that Theorem is a consequence of Proposition Ac-
tually, since Q" weakly converges to Q” for all continuous functions H : T — R,
it follows that the path {(x, H) : 0 <t < T} converges in distribution to {(m;, H) :



0 <t < T} Since {(m,H) : 0 <t < T} is a deterministic path, convergence in
distribution is equivalent to convergence in probability. Therefore,

N
A}gr(l)oP {Ndz (x/N)n(x /H tudu>5}
xETd
]\}I_IPOOQBN“ 7rt 7 71'75, >| > 5} =

for all > 0 and 0 < ¢t < T. This gives the strategy of proof for the hydrodynamic
limit. Next, we make some general observations.

Since particles in the exclusion process evolve independently as a nearest neigh-
bor random walk, except for exclusion rule, the exclusion process with slow bonds
over JA is related to the random walk on N~'T¢, that describes the evolution of the
system with a single particle. To be used throughout the paper we introduce the
generator of the random walk described above, which is

La(3) - Y (e, [HER) —HE) |+, [HEF) - HG)]} @9)

J=1

for every H : N™'T¢, — R and every = € T%. Above, it is understood that {ote; o =
§s.a+e;- By Dynkin’s formula (see A.1.5.1 in [18]),

MN(H) = (z)N H) — (7} H /N%N  H)ds

is a martingale with respect to the natural filtration F; := o(nY : s < t). By some
elementary calculations,

1
N Ly H) = —— 3 ns(a:)]LNH<£> — (xN, N?LyH),

hence the martingale can be rewritten as
t
MN(H) = (2N H) — (=, 7 — / (N N2 Ly H)ds 2.10)
0
Note that this observation stands for any jump rates. The particular form of jump

rates for the SSEP with slow bonds over 0A will play a role when characterizing
limit points and proving replacement lemmas.

2.4 Tightness

This section deals with the issue of tightness for the sequence {Q%Y : N > 1} of
probability measures on D([0, 7], M).

Proposition 2.4.1. For any fixed € [0, ], the sequence of measures {Q%V N >
1} is tight in the Skorohod topology of D([0,T], M).
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Proof. In order to prove tightness of {7 : 0 < t < T}, it is enough to show
tightness of the real-valued process {(7¥,H) : 0 < t < T} for H € C(T%). In
fact, (cf. Proposition 1.7, chapter 4 of [18]) it is enough to show tightness of
{(zN H) : 0 <t < T} in D([0,T],R) for a dense set of functions in C(T9) with
respect to the uniform topology.

For that purpose, fix H € C*(T?). Since the sum of tight processes is tight, in
order to prove tightness of {(7", H) : N > 1}, it is enough to assure tightness of

each term in (2.10). The quadratic variation of M} (H) is given by

T,x+e; r+e; x 2
N t_/ de+2 O14(2) = mlo + e)) (H(Z2) - H(Z))| ds,  @11)
Jj= 1x€Td
implying that ;
at
(MY(H)) < 5 D N0uHI (2.12)
j=1

where ||H o := sup,cqa |H(u)|, hence MY converges to zero as N — oo in L*(P% ).
Therefore, by Doob’s inequality, for every ¢ > 0,

lim PY | sup |MN(H)| > (5} =0, (2.13)

N—ooo H [UStST

which implies tightness of the sequence of martingales {M>(H) : N > 1}. Next,
we will prove tightness for the integral term in (2.10). Let I be the set of vertices
in T% having some incident edge with exchange rate not equal to one, that is,

: a
I‘N:{xeﬂ‘fv: for some j =1,...,d, 52’“6] Nﬂ orgm ; W} (2.14)

The term (7)Y, N%Ly H) appearing inside the time integral in (2.10) can be then
written as

d

ZZns NA[H(E) + H(S5) - 2H(3)]

=1 ¢FN

b 3 S )€ VH R ) <0 N ()~ H(7)

Jj=1zel'y

since & pye; = Eute; 0 = 1 for every z ¢ T'y. By a Taylor expansion on H € C*(T?),
the absolute value of the summand in the first double sum above is bounded by
|AH||«. Since there are O(N“ ') elements in I'y, and &, 4., < «, the absolute
value of summand in second double sum above is bounded by Z?:l |0y, H || -
Therefore, there exists C' > 0, depending only on H, such that |N°Ly (=Y, H)| < C,
which yields

/NZILN Hydr| < Clt—s|.

By [18, Proposition 4.1.6], last inequality implies tightness of the integral term,
concluding the proof of the proposition. Il
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2.5 Replacement Lemma and Energy Estimates

This section gives a fundamental result that allow us to replace a mean occu-
pation of a site by the mean density of particles in a small macroscopic box around
this site. We start by introducing some tools to be used in the sequel.

Denote by Hy(un|vg) the relative entropy of py with respect to the invariant
state vy. For a precise definition and properties of the entropy, we refer the reader
to [18]. Assuming 0 < 6 < 1, the formula in [18, Theorem A1.8.3] assures the
existence a finite constant xy = x¢(6) such that

HN(NN|V9) S KoNd (215)

for any probability measure . on {0, 1}T‘JiV. Denote by © 5 the Dirichlet form of the
process, which is the functional acting on functions f : {0,1}™ — R as

d N
On(f) == (f,—Lnf), = Z Z %W/(f(ﬁx’wﬂj) - f(n))2 ve(dn) . (2.16)

= d
Jj=1 z€Tq

In the sequence, we will make use of the functional D y(\/f), where f is a proba-
bility density with respect to ;.

2.5.1 Replacement Lemma for 5 € [0, 1)

Below, we define the local density of particles, which corresponds a to the mean
occupation in a box around a given site. Abusing of notation, we denote by e N — 1
the integer part of e NV — 1. For 5 € [0, 1), we define the local mean by

eN—1
1

N (z) = N Z n(x+jie1+ ...+ ja€d) - (2.17)

J1,J25--,Ja=0

Note that the sum on the right hand side of above may contain sites in and out
of A in the sense that /N € A or z/N € AL. By O(f(N)) we will mean a function
bounded in modulus by a constant times f(N).

Lemma 2.5.1. Fix 8 € [0,1). Let f be a density with respect to the invariant mea-
sure vy, \y : T4 — R a function such that |M\y|e < M < oo and v > 0. Then,

/ AN ST (@) {n(@) — 7 (@)} (n)va(dn)

zel' N
27072 d B—1
_ MO <N
- 2
Proof. By the definition (2.17) of local mean n* (z),

+ ds) +N2DN(VT).

«

[ @ {ata) = @)} fpmatan) -
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N-1TY,

\
=
Es

[ 21

AB

Figure 2.2: Illustration (in dimension 2) of a polygonal path joining the sites  and
Yy = x + jie1 + jaes, with j; = jo = 3. Note the embedding in the continuous torus
T,

eN—-1

~ [ X {n@) =ttt e i anldn . @18

The next step is to write n(z) — n(z + jieq + - - - + jqeq) as a telescopic sum:
it
n(x) —n(w +jies + ...+ jeeq) = Z nae-1) — nlae)
=1

where ay = z, aj,4..4+j, = ¢+ jies + -+ + jeeq, and |ja;_1 — @/l = 1 for any / =
1,...,j1+---+ja- Note that the path ag, a4, ..., a;,+...;, depends on the initial point
x and the final point z + jie; +- - - + jgeq. See Figure[2.2|for an illustration and keep
in mind that the length of this path is bounded by dsN. Inserting the previous
equality into (2.18), we get

eN—1 Jit+ia

[rn@mm X 0 e = o).

Jise-Ja=0 =1

Rewriting the expression above as twice the half and performing the transforma-
tion 1 — n*-1 for which the probability measure 1y is invariant, expression above
becomes:

1 eN—-1 jit+-+ja

2Ny Z ; / A (@) (nlae—1) —nlae)) (f (") — f (n)) dve.

7777 ]d:(]

Since ab = \/Ea\/% < 1eca® + %%, which holds for any ¢ > 0, the previous expression
is smaller or equal than

eN—1 ji1+-+Jja

1
2(eN) Z Z

N

T/ (Vf (eeee) =V f (’7)>2d”9
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Summing over x € 'y, we can bound the last expression by

eN—1 ji1+-+Jja

Y X >

z€l'N j1,--,7¢=0 £=1
=3 e [ e — e (VIGEE) 4 VT )m].
rzel'y ag—1,0¢

Sor e / (\/f (o) — /7 (77)>2dug

Recalling (2.16), we can bound the first parcel in the sum above by

eN—1

1 1
7 Z ZDN(\/?) = ﬂ@N(\/?)

Since f is a density and [Ay(x)| < M, the second parcel is bounded by

eN—1 ji1+- +Jd

Y 2 3

z€l'N j1,...,Ja=0 = az 1,a¢
eN—1

3 AMPO(NY 1)(% +d5N)

J1yesJa=0

1
(eN)d

<

— AMPO(N- 1)(% +d5N> .

Up to here we have achieved that

/Z)\N ) {n(x) — 0™ () } f(n)ve(dn)

zel'y

< AM?O(NH)(NF + deN) + QQN(\/f)

We point out that the quantity of sites on I'y is of order O(N?"!), which is a conse-
quence of the fact that JA is a smooth surface of dimension d—1. Then, multiplying
the inequality above by vV gives us

/vN > An(@){n() ()} f (m)ve(dn)

xzel'n

< AfyO(Nd)MQ[N +de N] +ﬂ9N(\/?)

Now choosing A = yN~!/2 the proof ends. ]
Recall the definition of I'y in (2.14).

Lemma 2.5.2 (Replacement lemma). Fix 3 € [0,1). Let Ay : T% — R be a sequence

of functions such that |\y|w < M < co. Then,

lim lim Eﬁ

e—0 N—oo

Y @@ — @y ds|] = o.
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Proof. Using the variational formula for entropy, for any v € R (which will be
chosen large a posteriori),

B[] [ i 3 et - @]

zel N

/Ot D Av(@){na(z) — niN(x)}dSH

zel'n

1
— B
= B R

Hy(pnlvg) 1 /t N
< logE, N‘ A o) — 12N ()}
< SR oy 08 [ e (7 | 2 wlene) — o ()

)| @19

By the estimate (2.15) on the entropy, the first parcel of above is negligible as
N — oo since we will choose ~ arbitrarily large. Therefore, we can focus on the
second parcel. Using that e/*l < ¢ 4+ ¢7* and

— 1 — 1 — 1
A}linoomlog(a]v—kb]v) = max{]\}%mlogaN, A}gr;omlogb]v} (2.20)

for any sequences ay, by > 0, one can see that the second parcel on the right hand
side of (2.19) is less than or equal to the sum of

Tim %log {E,,g [exp <7N /0 t 3 Al {ns(x) - ngN(x)}ds)” (2.21)

N—o00
P)/ zel'n

and

lim L log {E,,B [exp ( — N /Ot Z An (@) {ns(x) — niN(x)}dsﬂ } : (2.22)

N—o0 ’yNd
zel'y

We handle only (2.21), being (2.22) analogous. By Feynman-Kac’s formula, see [18,
Appendix 1, Lemma 7.2], expression (2.21) is bounded by

T —tog {exp ([ @yds)) = T 122
Nglgo")/Nd 08 =P o s _Nl~r>noo")/Nd7

where

Oy = sup {/VN > Av(@){n(@) = N (@)} f(n)ve(dn) —NQQN(\/?)} :

f density zel n

Applying Lemma finishes the proof. O

2.5.2 Replacement Lemma for j € [1, o0]

Here, some additional notation is required. The idea is actually very simple:
the local mean shall be over a region avoiding slow bonds. Let By|[z, ] C T4 be the
discrete box centered on x € T4 which edge has size 2/, that is, By[x, (] = {y € T% :

15



ly — 7]l < {}, where we have written | - || for the supremum norm on T;, that

is, ||(z1, ...y xa)||oo = max{|x1| NN — x|, ..., |zq| A |N—xd|}.
N~ITY
N IAC
TN

([A
N,

T

N

\\

Figure 2.3: Illustration in dimension two of Cy |z, 2]. The sites in Cy[z, 2] are those
laying in the gray region.

Let Ay = {z € T : £ € A} the set of sites in +T% belonging to A. We define now
the region Cy [z, (] C T% by

Cylz, 0] =

Bylz, )N Ay if £ €A,
(2.23)

Bylz, )N AS if £ e AC,
see Figure for an illustration. For 5 € [1, 0], we define the local density as the

average over Cy|z, (], that is,

N 1
Nt (r) = s n(y). (2.24)
#Cn|x,eN] yec%;,aN]

Lemma 2.5.3. Fix § € [1,00|. Let [ be a density with respect to the invariant
measure vy, let \y : T4 — R a function such that || A\y||. < M < coand v > 0. Then,
the following inequalities hold:

/ YN Y (@) {n(@) =™ @)} ve(dn) < 577 MPO(N?)de + N*Dn(v/f) (2.25)
and

/7 > @) {n(@) — g™ (@)} f(n)ve(dn) < 57 MPONT)de + N*Dn (V).

d
z€T%,

(2.26)

Proof. Let us prove the inequality (2.26). As commented in the beginning of this
subsection, the local average 7°" is taken over Cy[z,eN]. Thus, we can write

/ A (@) {1(z) — 17 ()} f (n)ve )

16



- v aimy X @) famn. @20

yeCn [$,8N}

For each y € C[z,eN], let y(z,y) be a polygonal path of minimal length connecting
x to y which does not crosses OA. That is, vy(z,y) is a sequence of sites (ao, ..., an)
such that © = ao, y = au, ||a; — 1]y = land &,,,,, =1fori=0,...,M — 1, and
v(x,y) has minimal length, that is, M = M (z,y) = ||z — y|| + 1. Now we repeat the
steps in the proof of Lemma observing that in this case the sum will be over
T¢;, obtaining that is bounded from above by

M(z,y)— )
Q#CN x,eN] Z Z Z 2A/ <\/f(77a[’ae’1> - \/f(??)) dvy

€T y€CN[z,eN]  £=1

+2 [ (@) nta0) = ntas-a)? (VFGrr) + 5 )due]-

We can bound the first parcel in the sum above by 559 v(1/f) and the second parcel
by

414]\42
Q#CN x,eN] Z Z Z

z€T4, yeCn[zeN]  L=1
1

< 2 d — 2 d .
< Zon N > AMPO(N%)dsN = AM*O(N")deN

yeCn[z,eN]

We hence have

> An(2){n(z) (@)} f(ve(dn) < AMPO(NY)deN + ﬂz)N<\/?)
xGT%

Then, multiplying the inequality above by ~ gives us

vZ A (@) {n(w) =17 (@) f(n)va(dn) < AYON)MPdeN + LON(V/F).

Now choosing A = yN~2/2 the proof of ends. The proof of inequality
similar to the proof of Lemma [2.5.1, under the additional feature that rates of
bonds over a path connecting two sites will be always equal to one, which facilitates
the argument. O

Lemma 2.5.4 (Replacement lemma). Fix 3 € [1,00]. Let Ay : T4, — R be a sequence
of functions such that ||A\y|| < ¢ < oo. Then,

B E _
lgg]&HQbHE ‘j[ Nd-1 AN’ {n 7h($)}d8)] =0
and
B E _
lli%Nhi%oE /Nd A () g™ ”s@)}dSH =0

z€TY,
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Proof. The proof'is similar to the one of Lemma [2.5.2], being sufficient to show that
expressions

& = sup { [V 3 awle) (o)~ nfa)}n)dve ~ D ()},

f density o

# = sw { [0 30 M@ (@) - n@)} s - N0 (V)

f density

z€TY,
satisfy
13, .ty
W oy =0 and i R = 0.
which is a consequence of Lemma [2.5.3], finishing the proof. O

2.5.3 Energy Estimates

In this subsection, consider § € [1, c]. Our goal here is to prove that any limit
point Q7 of the sequence {Q;" : N > 1} is concentrated on trajectories p(t, u)du
with finite energy, meaning that p(t, u) belongs to a suitable Sobolev space.

This result plays a both role in the uniqueness of weak solutions of and
in the characterization of limit points. The fact that Q7 is concentrated in tra-
jectories with density with respect to the Lebesgue measure of the form p(¢, u)du,
with 0 < p < 1, is a consequence of maximum of one particle per site, see [18].
The issue here is to prove that the density p(¢,u) belongs to the Sobolev space
L*([0, T]; H*(T*\OA)), see Section [2.2|for its definition.

Assume without loss of generality that the entire sequence {Q . N > 1}
weakly converges to Q7. Let Blu,e] := {r € T?: |r — u||» < ¢} and

Blu,e]n A ifueA,

Cluel = 4 Blu,e] N AE ifu e AL,
where we have written || - ||« for the supremum norm on the continuous torus
T¢ = [0,1)%, that is, ||(u1,...,ud)|lec = max {|ui| AL —wyl,...|ua| Al —ug|}. See

Figure [2.4] for an illustration.
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Figure 2.4: Illustration in dimension two of Cfu, <], which is represented by the
region in gray, while BJu, ¢] is represented by the square delimited by the dashed
line. Note that C[u, €] is the continuous counterpart of Cy[z, ¢| defined in (2.23).

We define an approximation of the identity «. in the continuous torus T¢ by

1
|Clu, el

te(u,v) = lope(v) , (2.28)

where |Clu, || above denotes the Lebesgue measure of the set Cu,¢]. Recall that
the convolution of a measure = with .. is defined by

(m*ee)(u) = / te(u,v)m(dv) for any u € T?. (2.29)
Td

Given a function p, the convolution p * .. shall be understood as the convolution of
the measure p(v)dv with .. An important remark now is the equality

(m) %) (%) = iV (z) + O((eN)'™), (2.30)

where 77" has been defined in (2.24), being the small error above due to the fact
that sites on the boundary of Cy [z, /| may or may not belong to C|u, ] when taking
u=x/N and ¢ = eN. Given a function H : T¢ — R, let

V (8 j,HU NdZH % _n(:‘i‘EN@] _Ndz< % > ) (231)

wGTd xer

Lemma 2.5.5. Consider H,, ..., H, functions in C%'([0,T] x T?) with compact sup-
port contained in [0, T] x (T?\OA). Hence, for every e >0and j =1,...,d,

lim lim ]EB max / Vi (e, j, Hi(s,-),n°N) dsH < Ko, (2.32)

0—0 N—o0 1<z<k

where ko has been defined in (2.15).
Proof. Provided by Lemma [2.5.4] it is enough to prove that

lim EﬁN[max{/OtVN(a,j,Hi(s,~),ns)dsH < Kog.

N—o0 1<i<k
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By the entropy inequality, for each fixed N, the expectation above is smaller than

H(pN|vp) 1 d ! .

— e T va 108 Ew [eXp { max N { /0 V(e j, Hi(s, "), ns) dS}}] :
Using (2.15), we bound the first parcel above by k. Since exp { maxi<;<xa;} <
> 1<i<k ©Xpla;} and by (2.20), we conclude that the limsup as N 1 oo of the second
parcel above is less than or equal to

— 1 ’ .
]}gﬂmmngue[ Z exp {Nd/ Vi (e, j, Hi(s, ');Tls)dS}]
1<i<k 0
— 1 e
= max lim 7 logE,, [eXp{N /0 VN(e,J,Hi(S,-),ns)dSH :
Thus, in order to conclude the proof, it is enough to show that the limsup above is

non positive for each i = 1,..., k. By the Feynman-Kac formula (see [18, p. 332,
Lemma 7.2]) for each fixed NV and d > 2,

1
N

logE,, [exp {Nd /T Vn(e, j, Hi(s,+),ns) dsH (2.33)
. 0
< /0 &}p{ / Vile.d Hi(s. ). f(n)dvy — N*“D(y/P}ds.  (2.39)

where the supremum above is taken over all probability densities f with respect to
vp. By assumption, each of the functions {H; : i = 1,..., k} vanishes in a neighbor-
hood of OA. Thus, we make following observation about the first sum in the RHS
of (2.31): for small ¢, non-zero summands are such that z/N and (z 4+ cNe;)N lay
both in A or both in A®. Henceforth, in such a case, it is possible to find a path no
slow bonds connecting x and = + ¢Ne;. Keeping this in mind, we can repeat the
arguments in the proof of Lemma to deduce that

[ ¥ a(p) eV g,
)

_ 2
< NN (V) + 1 3 (H
wGT%
Plugging this inequality into (2.34) implies that (2.33) has a nonpositive limsup,
showing (2.5.3) and therefore finishing the proof. O

28

Lemma 2.5.6.

Eq [sgp{/OT/W@U].H)(S,u)p(s,u)duds—Z/OT/W <H<s,u))2dudsH <k,

where the supremum is carried over all functions H € C%'([0, T] x T¢) with compact
support contained in [0,T] x (T\OA).
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Proof. Consider a sequence {H; : i > 1} dense in the subset of C?([0,t] x T¢) of
functions with support contained in [0, 7] x (T?\0A), being the density with respect
to the norm || H|| 4|0, H || . Recall we are assuming that {Q]Y : N > 1} converges
to Q7. Then, by (2.32) and the Portmanteau Theorem,

I s | max / Hi(s, u)) {2 (u) — p(u + ee;)} duds
Td

6—0 1<i<k

—2/ /]I‘d (s,u) dudsH</<0,

where p(u) = (ps*15)(u) as defined in (2.29). Letting J | 0, the Lebesgue Differenti-
ation Theorem assures that p(u) converges almost surely to p,. Then, performing
a change of variables and letting ¢ | 0, we obtain that

max // (0w, Hi(s,u))ps(u duds—?// (s,u) dudsH</{0
1<'L<k Td J Td

Since the maximum increases to the supremum, we conclude the lemma by ap-
plying the Monotone Convergence Theorem to {H; : i > 1}, which is a dense se-
quence in the subset of functions C?([0, 7] x T?) with compact support contained in
[0, 7] x (TT\OA). O

Proposition 2.5.7. The measure Q° is concentrated on paths 7(t,u) = p(t,u)du
such that p € L*([0, T]; H'(T*\OA)).

Proof. Denote by ¢ : C?([0,T] x T?) — R the linear functional defined by

_ /OT Ad(aujH)(s, W)p(s, u) duds .

Since the set of functions H € C?([0,7] x T?) with support contained in [0, 7] x
(T?\OA) is dense in L*([0,T] x T¢) and since by Lemma [2.5.6]¢ is a Q/-a.s. bounded
functional in C?([0,7] x T%), we can extend it to a Q%-a.s. bounded functional in
L*([0,T) x T?), which is a Hilbert space. Then, by the Riesz Representation Theo-
rem, there exists a function G € L?([0, T] x T¢) such that

((H) = —/ Td111'(<5’,u)(}’($,u)ducls,

concluding the proof. O

2.6 Characterization of limit points

Before going into the details of each regime g € [0,1), 5 = 1 or 5 € (1,00], we
make some useful considerations for all cases.

We will prove in this section that all limit points of the sequence {QY : N > 1}
are concentrated on trajectories of measures 7(t,du) = p(t,u)du, whose density
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p(t,u) with respect to the Lebesgue measure is the weak solution of the hydrody-
namic equation (2.4), (2.6) or (2.7) for each corresponding value of 3. Provided by
tightness, let Q] be a limit point of the sequence {Q7Y : N > 1} and assume,
without loss of generality, that {Q)Y : N > 1} converges to Q7.

Since there is at most one particle per site, it is easy to show that Q° is concen-
trated on trajectories 7 (¢, du) which are absolutely continuous with respect to the
Lebesgue measure 7(t, du) = p(t,u) du and whose density p(, -), is nonnegative and
bounded by one. Recall the martingale M (H) in (2.10).

Lemma 2.6.1. If

a) 3€0,1)and H € C*(T?), or
b) B €[l,00] and H € C*(T4\0OA),
then, for all § > 0,

lim PV [ sup |MYN(H)| > 5} = 0. (2.35)

Nooo HN

0<t<T
Proof. Item a) has been already proved in (2.13). For item b), recalling (2.11) note
that

V() < s D0 50 € [HEED) — H(2)] (2.36)

= d
Jj=1 z€Ty

Since H € C*(T4\0A), H is differentiable with bounded derivative except over JA.
Therefore, if the edge =, « + ¢; is not a slow bond, then

N ate; NE 1 2

Sate; [H( N~ H(N)} < zlowHI% - (2.37)
On the other hand, if the edge z, x + ¢, is a slow bond, then
Tte; 2 4ol |H| 2,

9]0\773&—&-6]- [H( j;/']) - Ht(%)} < OZ!V—B” . (2.38)

Since the number of slow bonds is of order O(N¢!), plugging (2.37) and (2.38)
into (2.36) gives us (M™(H;)); < O(1/N4).’ Then, Doob’s inequality concludes the
proof. O

2.6.1 Characterization of limit points for g € [0, 1).
Proposition 2.6.2. Let H € C?*(T?). Then, for any § > 0,

@f[ﬂ'.: sup |{m, H) — (mo, H) — /0t<7rs,AH)ds

0<t<T

>5] = 0.

Proof. Since Q" converges weakly to @, by Portmanteau’s Theorem (see [2, The-
orem 2.1]),

Q? [7?. : sup
0<t<T

(mo, HY — (0, H) — /Ot (my, AH) ds‘ > 5}
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t
< Tm Q7 N[w.: sup ]m,H) — (o, H) — / (my, AH) ds( > 5} (2.39)
0

o<t<T

since the supremum above is a continuous function in the Skorohod metric, see
Proposition [2.8.1] Recall that Q7Y is the probability measure induced by P
via the empirical measure. With this in mind and then adding and subtracting
(N N?LyH), expression (2.39) can be bounded from above by

¢
lim ]P’*B |:7T.: sup ’(W?,H) — (rl H) — / <7T£V,N2LNH>CZS‘ >5/2]
0

N—oo 0<t<T

t

+ Tim P2 [77. . sup ‘ / (7N, AH — N?Ly H) ds‘ > 5/2} .
N—oo 0<t<T

By Lemma [2.6.1] the first term above is null. Since there is at most one particle

per site, the second term in last expression is bounded by

T B[ 3 [ () ()] > 4

—l—]\}l_r}r;OIP’ﬁ sup )/ i Z AH( )—N2LN<%>}ns(af)ds‘ >5/4}.

0<t<T

Outside I'y, the operator N2Ly coincides with the discrete Laplacian. Since H ¢
C?(T9), the first probability above vanishes for N sufficiently large. Recall that the
number of elements in I'y is of order N¢~!. Applying the triangular inequality, the
second expression in the previous sum becomes bounded by the sum of

Tim Pf, [O(N—I)THAHHOO > 5/8] (2.40)
and .
N 1 T
0 ﬂ - adl
ATEAETAYE =R AT R LS

For large N, the probability in (2.40) vanishes. We deal now with (2.41). Let
x € I'y. By definition of I'y, some adjacent bond to x is a slow bond. Thus, the
opposite vertex to = with respect to this bond is also in I'y, see Figure

Recall the definition of Ly in (2.9). Whenever {z,z — ¢;} neither {z,z + ¢;} are
slow bonds, the expression

e, [HE) —HE) |+, [HE) - HZ))]

is of order O(N~?) due to assumption H € C?(T9). Therefore, in (2.41) we can
disregard terms of this kind, reducing the proof that (2.41) is null to prove that

&)
A;linoo]P’ sup‘/Nd Z A(e)ds

0<t<T e={w,ate;

e is a slow bond

>5/16} — 0, (2.42)
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N-1TY,

/\\ AC
A
N
x Y
N N
*

Figure 2.5: Illustration of sites x,y, z € I'y. We note that two adjacent edges to =
are slow bonds, and two adjacent edges are not. Besides, any opposite vertex to x
will be of the form z + e;.

where

AQ) = s (H(5) (%)) + L H(%)]ns(fc)

[ H (%) — H("F)

1/N

+

778(x + 6])

+aN"(H(5) - H(5))

Since H is smooth, the terms inside parenthesis involving N'~# are of order O(N ")
and hence negligible. On the other hand, the remaining terms are close to plus or
minus the derivative of H at z/N. We have thus reduced the proof of (2.42) to the
proof of

lim ]P)B sup ‘/ N1 Z 8uJH LY (ns(z + €5) — ns(x)) ds‘ >6/32] = 0.

N—o0 0<t<T e—fomte

e is a slow bond

(2.43)
Letty =0 <t < --- <t, =T be a partition of [0,7] with mesh bounded by an
arbitrary £ > 0. Via the triangular inequality, if we prove that

zvllinmpﬁ ‘/ T Z (’)u7H L) ns(x+ej)—ns(x))ds‘ > 5]

e={=z, zte;

e is a slow bond

vanishes, then we will conclude that (2.43) vanishes as well. Therefore, it is enough
now to show that, for any § > 0 and any ¢ € [0, 77,

3 (E
i Py ‘/ =t &LfHN (ns( + €5) = ma()) ds

e={z, z+e
e is a slow bond

>5}:0.

Markov’s inequality then allows us to bound the expression above by

lim 6~ lEﬁ ‘/ = Z 3U7H LY (ns(z + €5) — ns(x)) dsH. (2.44)

N—o00
e={=z, ’I‘+F

e is a slow bond

24



Adding and subtracting 7= (z) and ¥ (z + ¢;), we bound (2.44) from above by

hmélﬂi‘,ﬁ ’/ NI Z GUJH% ns(x—l—ej)—niN(x—l—ej))dsH

N—=00
e={z, z+ej}

e is a slow bond

+ lim 6~ 1E'B ‘/ N Z &L]H L) (N (z + ;) — SN (@) dsH

N—oo
e={z, z+e
e is a slow bond
SO () _
—i-]\}l_rgo(S E; ‘/ N {Z+ O, H (L) (2N (z) — ms(2)) ds ]

e is a slow bond
Since |{ns¥ (z-+e;)—n:™ (2)}] < 280 = 2, [Pv|is of order N*~* and |9, HHOO < o0,
the second term above Vamshes For the remaining terms, we apply Lemma
finishing the proof. D

2.6.2 Characterization of limit points for 7 = 1.

This subsection is devoted to the proof of the next proposition. Keep in mind
that Proposition [2.5.7] allows us to write 7(t,u) = p(t,u)du when considering the
measure Q7.

Proposition 2.6.3. Let H € C*(T*\OA). For all § > 0,

Q? [w. : sup

0<t<T

//Mps Z%H C(u), e;) dS(u)ds

7j=1

/ /aA ps(u Za“JH ((u), ;) dS(u)ds

j=1

(o, H) — {po. H) — / pu A ds

(2.45)

d

+/o/8/\a(p8(u_) - Ps(u+))<H(u+) — H(u™)) Z ‘(5@), ej>| dS(u)ds

J=1

>0 } = 0.
Let us gather some ingredients for the proof of above. The first one is a suitable

expression for NLy over I'y. Define

Inv_. = Iyn{zeTd . 2 cA and
. v O N B} (2.46)
Iyy = Tnn{zeTy @ £}

Such a notation has been chosen to agree with (2.5). Let us focus on I'y _, be-
ing the analysis for I'y, completely analogous. It is convenient to consider the
decomposition 'y = U;i:l Iy _, where

J _ 1g,left j,right .
FNﬁ = FN’f U FN’f , with
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N-1TY, N-1TY,

AL AC
/34¢ O/A\

Figure 2.6: In the left, an illustration of the set I'y _, whose elements are repre-
sented by black balls. In the right, an illustration of the sets I';*" and I'"¢"" for
j = 2, whose elements are represented by gray and black balls, respectlvely

T

et — {xerN,_ : ]_Vej eAE} and T3" = {xeFN,_ : ij\,ej GAC},

see Figure [2.6| for an illustration. Note that I'}"®"* and I';*" are not necessarily
disjoint for a fixed j. Nevertheless, due to the smoothness of OA, the number of
elements in the intersection of these two sets is of order O(N%~2), hence negligible
to our purposes. We will henceforth assume that F?{,fiight and rg‘vvlf_ft are disjoint sets
forall j =1,...,d.

Remark 2.6.4. At first sight, the reader may imagine that I'y _ is equal to rg’@e_ft U

F?f_ght for any j, or at least very to close to. This is false, as illustrated by Figure|2.6,

Moreover, for i # j and large N, the sets F§V77 and F’]'V’f in general are not disjoint
with a no negligible intersection.

Define now

NLNH(5) = N&o o, (H(5F) = H(F)) + N, (H() = H(3)) -

Then, by By Fubini’s Lemma,

> NLyH(E)uN@) = > Y NLLH()n N («)

IEGFN — CEGFNY, j:1
d .
=S { S NLLH(E)N @)+ Y NL?VH(%)UEN(@} . (2.47)
7j=1 F] rlght wEFg\}left
If z € T “ght ,then Y . =a/Nand¢l, . =1, see Figure[2.5 In this case,

NLYH(%) = a(H(5) —H(3)) =0, H(F) + ONT).
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On the other hand, if » € Ff\,’l’e_ft, then ¢ =a/Nand ¢Y = 1. In this case,

T, x—e; T,x+e;

NLAH(%) = 0,H(%) +a(H(552) - H()) + OV ).
Now, let u : T¢ — OA be a function such that
lu(u) —ull = min flo—u], (2.48)

and u is continuous in a neighborhood of A. That is, u maps u € T? to some of its
closest points over A and u is continuous on the set (OA)* = {u € T? : dist(u, OA) <
e} for some small ¢ > 0. There are more than one function fulfilling (2.48), but
any choice among them will be satisfactory for our purposes, once this function is
continuous near OA. With this mind we can rewrite (2.47), achieving the formula

1
o 2. NLvH(§)0" (@)

zel'y _
- B .
~ Nd-t j=1 { ;ght [oz(H(qu) —H(u)) = 0, H(u ﬂnsN(x) (2.49)

plus a negligible error, where by H(u~) and H(u") are the sided limits of H at u.
The dependence of u on z/N will be dropped to not overload notation. Defining

¥i _ 1g,left j,right .

T+ e€;

) - r — €,
Mt = {ren s T ea} and = feem s T e,

we similarly have

s ¥ V(b @
- %Z{ > [ore) ca(re) B g

p3 {a<H<u‘>—H<u+>>—aujH<u+>}n§N<x>}'

J,left
xGI‘N’+

The second ingredient is about convergence of sums over 'y towards integrals
over OA. Let us review some standard facts about integrals over surfaces. Consider
a smooth compact manifold M C R? of dimension (d — 1). Assume that M is the
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graph of a function f : R c R! — R, that is, M = {(z, f(z)) : x € R}. Then, given
a smooth function g : M — R, the surface integral of g over M will be given by

dx
/M s astw) = [ otr. 1) eos(r (. 7))

dzy - -drg_
= /g(ZE17...,l’d_l,f($17...,$d_1)) = ! -1 s
R

|<C(£L‘1, s 7xd—1)76d>|

(2.51)

—

where 7(z, f(z)) is defined as the angle between the normal exterior vector ((u) =
5 (71,...,74-1) and ey, the d-th element of the canonical basis of R¢. Of course, a
manifold in general is only locally a graph of a function as above. Nevertheless, the
notion of partition of unity allows to use this local property to evaluate a surface
integral. Recall the definition of u given in (2.48).

Lemma 2.6.5. Let g : A\(0A) C T? — R be a function which is continuous near OA
with an extension to A which is also continuous near OA\. Then,

s 1 i
| st @ueldst) = Jin i 3 o(%) and (2.52)

J
xEFNﬁ

| oty Gu. e dst) = ;gnmNi_ll > 93 - X g(%)]- (2.53)

J,right 7, left
mEFN,7 xEFN’_

Analogously, if g : A® ¢ T¢ — R is a function which is continuous near O\ with an
extension to the closure of A® which is also continuous near O, then

- _ 1 N
| st @unedldst) = Jin o= 30 o(3)  and (2.54)
acng\,‘Jr
oy 3 1 X X
| ot )G e dst) = ;gnmNd_ll BNTOEDS g(w)]- (2.55)
zeT e zeryel

Proof. In view of the previous discussion, we claim that

. 1 h(£) _
lim —— =— = h(u™)dS(u). (2.56)
v X el ~

for any continuous function 4 : A — R such that iA(u) = 0 on the set {u € JA :
(C(u),e;) = 0}. This is due to the fact that the sum in the left hand side of is
equal to a Riemann sum for the integral on the right hand side of modulus
a small error. To see this, it is enough to note that if + € I'y_, then z/N is at
a distance less or equal than 1/N to JA, and recall that A is compact, thus any
continuous function over A is uniformly continuous.

Consider now the function 4 : A — R given by



Since u(u) = u for u € A, we have that h(u) = 0 on the set {u € A : (((u),e;) = 0}.
Then, considering this particular function % in (2.56) leads to (2.52). The limit
(2.53) can be derived from (2.52) noticing that, for N sufficiently large,

o if v € T3, then ({(u(z/N)),e;) > 0 and

o if v € T, then (((u(z/N)),e;) <0,
see Figure 2.5/ for support. The proofs for (2.54) and (2.55) are analogous. O

Proof of Proposition The fact that boundary integrals are not well-defined in
the whole Skorohod space D([0,T], M) forbids us to directly apply Portmanteau’s
Theorem. To circumvent this technical obstacle, fix ¢ > 0 which will be taken small
later. Adding and subtracting the convolution of p(¢,u) with the approximation of
identity ¢. defined in (2.28), we bound the probability in by the sum of

Q2 sup.[(on H) — (oo 1) - / oo AH) ds

[ [ e Zau]H ), e5) dS(uds

+/Ot/m(ps*% Z@u]H u), e;) dS(u)ds (2.57)

# [ altper1060) - (o)

.
x (H(u* N ) e) as(uyds| > a/2]
and h
Qfr: s / / (s 12)( —ps<u+>)jimu*)((u),e»dsw)ds

_ /Ot /8/\ <(ﬂs 1) (u”) — Ps(u*)) i@ujH(u)((u), ¢;) dS(u)ds

X (H(u) = Hu)) 3 1(C(w), )| dS(uds| > 5/2].

where (. and the convolution p, x . were defined in (2.29). Adapting results of
[1, Chapter III] to our context, the reader can check that functions in the Sobolev

29



space L?([0,T]; H'(T?\OA)) are continuous in T*\OA. Thus, Lemma gives us
that (2.58) vanishes as ¢ — 0. It remains to deal with (2.57). By Portmanteau’s
Theorem, (2.57)) is bounded from above by

lim Qﬂ AV [71' . sup
N—oo 0<t<T

_/Ot/aA(ﬁs*Lg Zau]H u), ej) dS (u)ds
+/ot/8A(7TS*LE ZauJH u), ;) dS(u)ds

+/0t/a(f((7s * 1) (u”) = (me * 12)(u™))

x (H iy ), e;) dS( )ds‘ > 6/2)

J=1

(s HY — (o, H) —/0 (o, AH) ds

since the supremum above is a continuous function in the Skorohod metric. Now,
recalling that @5 V' is the probability induced by IP’ﬁ Vla the empirical measure,
adding and subtractlng the terms (7, N*LyH) and AT Zzer NLyH (% )n:N (2),

applying (2.30) and the Lemma [2.6.5| we can bound the previous expression by the
sum of

lim P? [ sup
Nooo N 0<t<T

(N HY — (N H) — / (n) NLyH)ds| > 5/8] . (259
0

lim ]P’ﬁN sup
N—o0 0<t<T

/Z NQIL,NH(%) AH(%))nS( )ds‘>5/8] (2.60)

N

lim P? [ sup
0<t<T

e / Z NLyH (%) (1s(x) = 05 (@) ds| > 0/8]  (2.61)
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and

8

CEAEAVS T

+2/Ndlzn 10, Hu
EF]rlght

—2/ it 3 @0, H
EF]left

—Z/Nmzn ), Hw
EF]1'1ght

+Z [ 5 o,
zeryel

(5 (@) ds

") ds (2.62)

)ds

ut) — H(u"))ds + err(N)‘ > 5/8] ,

where err(N) is a error that goes in modulus to zero as N — oco. Proposition [2.6.]
tells us that is null. The approximation of the continuous Laplacian by the
discrete Laplacian assures that is null. Since NLyH is a sequence of uni-
formly bounded functions, Lemma[2.5.4 allows we conclude that (2.61) vanishes as
e \\ 0. Finally, provided by formulas (2.49) and (2.50) and recalhng the decompo-
sition 'y = 'y + Uy _, we can see that except for the error term, all terms inside
the supremum in cancel. This concludes the proof. O

2.6.3 Characterization of limit points for 5 € (1, x|.

Proposition 2.6.6. Let H € C*(T?\OA). For all § > 0,

Q? [7?. : sup

0<t<T

<mJﬂ—%m»H>—/M@&AH>%

[ 0 G e asiars (2.63)

7j=1

+/0 /a/\ps(u)za%H( )<C ej) dS(u )ds‘ >5} = 0.

Proof. The proof of this proposition is similar, in fact, simpler than the one of
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Proposition[2.6.3] In this case,
1 z\,eN
Nd-1 Z NLNH(N)T]S (‘T)

.TEFN’,

_ le{ S eV ) - o) - 0 HEO @ g

j,right
.IEFN’7

and

Since § € (1,0], we conclude that all terms above involving « disappear in the
limit as N — oco. Noting that there are no surface integrals in involving «,
it is a simple game to repeat the steps in the proof of Proposition to finally
conclude (2.63). O

2.7 Uniqueness of weak solutions

The hydrodynamic equation (2.4) is the classical heat equation, which does not
need any consideration about uniqueness of weak solutions. Thus, we only need to
guarantee that weak solutions of and are unique.

Let us trace the strategy for the proof of uniqueness, which works for both
and (2.7). Considering in each case 8 = 1 or 3 € (1, 00| a suitable set of test
functions, we can annul all surface integrals. Being more precise, consider the
following definitions:

Definition 4. Let D% C L2(T?) be the set of functions H : T® — R such that
H(u) = hy(u)1a(u) 4 ho(u)18 (u), where
(i) h; € C*(T9) for i = {1,2}.

d

(1) (Vhi(u),C(w)) = (Vha(u),C(u)) = (ha(u) = ha(u)) D [(C(u), ;)] Vu € OA.

J=1
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Define the operator £8P : DRP 5 12(Td) py

Ahy(u), if uweA,

£R0bH _
() { Ahy(u), if ue AL,

Definition 5. Let DN* C L%*(T9) be the set of functions H : T¢ — R such that
H(u) = hy(u)1a(u) + ho(u)1§ (u), where:

(i) hi € C*(T?) for i = {1,2).

— —

(it) (Vhi(u),C(u)) = (Vhy(u),((u)) =0, Yu € OA.
Define the operator £N°v : DN 5 [2(T9) by
Ah if uel,
eNeupr () — 1(u) lf u ;
Aho(u) if ueAb.
It is straightforward to check that, if p is a weak solution of (2.6), then
t
(o, HY — (po, H) — / (0o, SRPHYds — 0, VHeD™ Vie[0,7],  (2.66)
0
while, if p is a weak solution of (2.7), then
t
<pt7 H> - <p0>H> - / <p8a£NeuH> ds = 07 VH € @Neu’ Vt € [OvT} : (267)
0

In both cases, if an orthonormal basis of L?(T¢) composed of eigenfunctions for
the corresponding operator (associated to nonpositive eigenvalues) is available,
this would easily lead to the proof of uniqueness, as we shall see later. However,
this is not the case. So, to overcome this situation we extend the corresponding
operator via a Friedrichs extension (see [26] on the subject) to achieve the desired
orthonormal basis.

Let us briefly explain the notion of Friedrichs extension. Let X be a Hilbert
space and denote by (-, -) and ||-|| its inner product and norm, respectively. Consider
a linear, strongly monotone and symmetric operator A : ® € X — X, where by
strongly monotone we mean that there exists ¢ > 0 such that

(AH,H) > c||H|*, VHeED.

Denote by (-, -)¢(4) the so-called energetic inner product on © associated to .A, which
is defined by
(F,G)eny == (F, AG).

Let Hrreq be the set of all functions F' in X for which there exists a sequence
{F, : n > 1} in © such that F,, converges to ' in X and F,, is Cauchy for the inner
product (-,-)¢(4). A sequence {F), : n > 1} with these properties will be called an
admissible sequence for F. For F, G in Hpyieq, let

<F7 G)Fried = nh_)IgO<Fn7 Gn>€(.A) ) (268)
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where {F,, : n > 1}, {G,, : n > 1} are admissible sequences for ' and G, respectively.
By [26, Proposition 5.3.3], the limit exists and does not depend on the admissible
sequence chosen and, moreover, the space Hgyieq endowed with the scalar product
(-, )Friea 1s @ real Hilbert space, usually called the energetic space associated to A.

The Friedrichs extension Agyieq : Orriea — X of the operator A is then defined as
follows. Let Dyrieq be the set of vectors in ' € Hpypeq for which there exists a vector
f € X such that

(F,G)rriea = ([, G), VG € Hpriea -

and let Ap.eqF = f. See the excellent book [26] for why this operator Agyeq :
Drried — X 1s indeed an extension of A : ® — X and more details on the construc-
tion. The main result about Friedrichs extensions and eigenfunctions we cite here
is the next one.

Theorem 2.7.1 ([26], Theorem 5.5C). Let A : © C X — X be a linear, symmetric
and strongly monotone operator and let Aprieq : Drriea C X — X be its Friedrichs
extension. Assume additionally that the embedding Hgriea — X is compact. Then,

(a) The eigenvalues of —Apyieqa form a countable set 0 < ¢ < p; < pg < --- with
lim,, o0 fin, = 00, and all these eigenvalues have finite multiplicity.

(b) There exists a complete orthonormal basis of X composed of eigenvectors of
AFried-

Denote by I the identity operator. If £ : © C X — X is a symmetric nonpositive
operator, then I — £ : ©® — X is symmetric and strongly monotone with ¢ = 1. In
fact,

(I-&)H,H) = |H|>+ (-£H,H) > ||H|?, VHeD.
Therefore, under the hypothesis that £ : © C X — X is a symmetric and nonposi-
tive linear operator, we may consider the Friedrichs extension of (I — £).

Proposition 2.7.2. Let £ : © C X — X be a symmetric nonpositive operator.
Denote by (I— £)pried : Drried — X the Friedrichs extension of (I—£) : © — X and by
Hrriea the corresponding energetic space. Assume that the embedding Hppieq — X
is compact. Then, there exists at most one measurable function p : [0,T] — X such
that

sup ||pe]] < o0 (2.69)

te[0,T]
and

t
<pt7H>_<p07H>_/ <p57£H>d8 = 07 VH€®7Vt€[OaT]
0

where py is a fixed element of X.

Proof. Consider p', p? two solutions of above and write p = p' — p%. By linearity,

¢
<pt,H>—/<ps,£H>ds =0, VHe®D, Vtel0,T1].
0
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which is the same as
t t
<pt,H>—|—/ (ps,(]I—Eb)H)ds—/ (ps;, H)yds = 0, VYHe®, 6 vVte|0,T].
0 0
Since Drriea C Hrried, the last equation can be extended to

t t
<pt,H>+/(ps,(]I—E))FﬁedH)ds—/(pS,H>ds =0, VH € Oyyiea, vVt € 10,7].
0 0

(2.70)
By Theorem[2.7.1] the Friedrichs extension (I—£)pyied : Drriea — X has eigenvalues
1 <A < Ay < -+, all of them having finite multiplicity with lim, _,., A\, = oo, and
there exists a complete orthonormal basis { ¥, };cy of L?(T?) composed of eigenfunc-
tions. Denote

SFried = I- (]I - ’S)Fried .

Thus, {V,};ecn is also a set of eigenfunctions for the operator £grieq Whose eigenval-
ues are given by 1; =1 — \; < 0. Define

R(t) = Zﬁm,w for ¢ € [0, 7.

Jj=1 J

Since p satisfy (2.70), we have that

d

(00, U502 = 2(p, ;) (o1, Lrriea;) = 2p5(p1, Uj)%. (2.71)
dt

By (2.69) and the Cauchy-Schwarz inequality, we have that
= 2|Mj| 2 - 2|Nj| 2

A, V;)° < Yy ————( sup |p < o0,
2 ) ; 2(1—uj)< i)

= J J t€[0,T)

which together with (2.71) implies that

d - 204

—R(t) = —(p, ¥;)? < 0.
Since R(t) > 0, R(0) = 0, and dR/dt < 0, we conclude that R(t) = 0 for all ¢t € [0, T

and hence (p;, ¥;)*> = 0 for any ¢ € [0, T]. Due to {¥,};cn be a complete orthonormal
basis of X, we deduce that p = 0, finishing the proof. [

In view of (2.66) and (2.67), considering X as the Hilbert space L*(T%) and
applying the last proposition, to achieve the uniqueness of weak solutions of (2.6)
and (2.7) it is enough to assure that

1. The operators [— £8P : DRb C [2(T?) — [2(T9) and [ £New : DNew € [2(T4) —
L*(T?) are symmetric nonpositive linear operators.

2. Denoting by HR%®, and HXeY, their respective energetic spaces, the embed-

dings HFP, — L*(T?) and HR, — L*(T?) are compact.
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This is precisely what we are going to do in the next four propositions. Denote
by C(u) = —C(u) the normal exterior vector to the region A’ at u € dA. Recall that
(-,+) is used for both the inner products in L*(T¢) and in R%.

Proposition 2.7.3. The operator —£k®P : DR . 12(T9) js symmetric and nonneg-
ative.

Proof. Let H,G € D8 We can write H = hy1, + h219\ and G = g11, + g219\, where
hi,ha, 91,9, € C*(T%). By the third Green identity (see Appendix Theorem
2.8.2),

/ (hAAg — gAh) du = / (h(Vg,5> — ¢(Vh, 5>) ds
Td oA
where dS is an infinitesimal volume element of 9A. Thus,

(H,—€%G) =(hi1x + holye, —Agi1a — Agalye)

—/hlAgl du—/ thgg du
A Al

_/glAhldu_/ <h1<V91>5>—g1<Vh1,5)) dS
A oA
- /AE g2y du — /MC (2(V2.0) = 9a(Vh2, ) ) dS
__/AglAhl dU—/aA <h1<V91,5> —g1<Vh1,5)) dsS
- /AC G2Ahy du — /31\3 <92<Vh2,5) — h2<Vg2,5>> ds .

Using the boundary condition in the item (ii) of Definition [4] and AL = 9A, we
conclude that the last expression above is equal to

—/glAhl du—/ ggAthu
d

/(h1—h2 zd:| C,ey 92—91)_(91—92)Z|<5,6j>|(h2—h1)>d5

j=1
—/glAhl du — / gQAhQ du .
A Al

Then, (H, —£8°G) = — [, 1Ak du — [\ 2Ag2 du = (—£*PH, G). For the nonnega-
tiveness, note that

<H, —ERObH> = —/hlAhl du—/ ththu
A

AC

:/\Vh1|2du+/ yVh2|2du—/ (<Vh1,5>h1+<Vh2,E>h2) ds
A Al A

where the second equality above holds by the second Green identity, see Appendix,
Theorem [2.8.2, and O(A°) = OA. Since [, |Vhi|>du > 0, for i = 1,2, it is enough to
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check that — [, <<Vh1,5)h1 + <Vh2,5>h2) dS > 0. In fact,
— Vhi,CVhy + (Vhy, (Vhe ) dS = —
/aA<< 1,¢)h + (Vhy, () 2) /

oA

d
-/ S HE (b = s (i = )

d N
:2/8A;|<C,ej>|(h2—h1)2ds > 0,

where the second equality holds by item (ii) of Definition ]

(k1 o1 = (Vhy, o) dS

Proposition 2.7.4. The embedding HE® , — L?(T?) is compact.

Proof. Let {H,} be a bounded sequence in HF? .. Fix {F,,} a sequence in D% such
that |5, — H,|| — 0 when n — oo and {F,} is also bounded in H{%®,. Thus, to show
the compact embedding we need prove that { /,,} have a convergent subsequence in
L*(T?). To get a convergent subsequence of { H, }, it is sufficient to find a convergent
subsequence of {F,,} in L*(T%). Write F, = f,15 + ful,c, With f,, f,, € C*(T%). Then,

<Fn7 F, >g(]1 gRob) <Fn7 Fn> + <Fn, _SRObFn>
= <fn1A + fnlAﬂa fn]-A + f~n1AC> + <fn]-A + fn]-AC> _Afn]-A - A.fnl/\ﬂ> .

Expanding the right hand side of above and using Green identity (see Appendix[2.8]
Theorem [2.8.2), we get that

/Afgdu+/Acfn2du—/Aanfndu—/Acanfndu

= anlAH2 [ falael? + IV sl + IV fulae)?
L2 / Ces) g
Y

Under the hypotheses of boundedness of the sequence {F,} in the norm induced

by ()¢ cRob), the sequences {|| f,1a ]}, {[IfaLacl”}, {IIV fuLall*} and {[|VFuLsel*}
are bounded. By the Rellich-Kondrachov compactness theorem (see [5, Theorem
5.7.11), {fu1a}, {fn1,c} have a common convergent subsequence in L*(T%). This
implies that {F,,} has a convergent subsequence. O

Proposition 2.7.5. The operator —£Nev : DNev s [2(T4) s symmetric and nonneg-
ative.

Proof. Let H,G € DN, We can write H = hy1, + h219\ and G = g1, + 9219\, where
hi,ha, g1, g2 € C*(T?). By the third Green identity, see Appendix 2.8} Theorem 2.8.2
we have that

/ hAgdu — gAhdu = / hVg,C)—g(Vh,()YdS = 0,
Td OA
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where dS is the infinitesimal volume element of OA. Thus,
(H, —&NUG) = (hi1p + holye, —Agila — Agolse)
= —/ hiAgidu —/ ha Agadu = —/ glAhldu—/ G Agodu = (—SNeuH, G).
A AC A Al

For nonnegativeness,

(H,—L\H) = — / hiAhy du — / hyAhgy du = / |Vhi | du +/ |Vhs|* du > 0,
A AL A Al
where the second equality above holds due to the second Green identity, see Ap-
pendix Theorem O
Lemma 2.7.6. The embedding HY", — L*(T) is compact.

Proof. Let {H,} be a bounded sequence in 3(N°". Fix a sequence {F},} of functions
in ©N" such that ||F,, — H,,|| — 0 when n — oo and {F,,} is also bounded in H}%%,.
Thus, to show the compact embedding we need to prove that { H,,} has a convergent
subsequence in L*(T?). To get a convergent subsequence of { H,,}, it is sufficient to
find a convergent subsequence of {F,} in L?(T?). Write F, = f,1 + f,1,c, with
fn € C*(T%). Then,

<Fn7 Fn>g(]1_£Neu) = <Fn7 Fn> + <Fn, _QNean>
= (fola + false, fula + falpe) + (fala + falye, —Afuls — Afalye).

Expanding the right hand side and using Green identity, see Appendix Theo-
rem [2.8.2) we get that

/f,%dqu/ fnzdu—/anfndu—/ FAAF, du
A AC . A AC~
= [|fu1all® + (| falpell® + IV Fudall® + [V fuael.

Under the hypotheses of boundedness of the sequence {F,} in the norm induced
by () e oNeu), the sequences {[|fo1al*}, {[lfolael*}, {IV/a1al*} and {[IV Ly}
are bounded. By the Rellich-Kondrachov Compactness Theorem, {f,1s}, {f.1,c}

have a common convergent subsequence in L?(T?). This implies that {F,} has a
convergent subsequence. O

2.8 Auxiliary results

Proposition 2.8.1 ([7]). Let G, G2, G35 are continuous functions defined on the
torus d-dimensional T¢. Then, the application from D([0,T], M) to R that associates
to a trajectory {m, : 0 <t < T} the number

sup [(m, G1) — (mo, Go) — /Ot(ﬂs, Gs) ds‘

0<t<T

is continuous in the Skorohod metric of D([0,T], M).
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Theorem 2.8.2 (Green’s formulas, see for instance Appendix C of [5]). Let u,v €
C?(U), where U is a bounded open subset of R", and OU is C*. Denote by - the inner
product in R", and by v the normal exterior unitary vector to U at OU. Then,

@) [, Audz = [, 54dS,
(ii) [, Vv-Vude = — [, ubvdr+ [, 2uds,
(iii) [, uAv —vAudr = faU“%_Ug—ZdS-
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Chapter 3

Non-equilibrium Fluctuations for
the SSEP with a slow bond

3.1 Introduction

One of the most challenging problems in the field of interacting particle sys-
tems is the derivation of the non-equilibrium fluctuations around the hydrody-
namic limit and up to now there is not a satisfactory and robust theory that one
can apply successfully. The main difficulty that one faces is to understand the pre-
cise asymptotic behavior of the long range correlations of the system. To be more
precise, when letting the interacting system start from a general measure (typi-
cally a non invariant measure for which the hydrodynamic limit can be obtained),
the correlations between any two sites are not null, but decay to zero as the scaling
parameter n grows.

In many situations a uniform bound on the correlation function of order O(1/n)
is sufficient to obtain the non-equilibrium fluctuations of the system (see [4},22] for
instance). For the model that we are going to describe in the sequel, the uniform
bound on the correlation function happens to be of order O(logn/n), demanding
new efforts both on the derivation of such a bound and on the application of such
a bound on the proof of the non-equilibrium fluctuations.

To be more specific, here we study the symmetric simple exclusion process
(SSEP) evolving on Z when a slow bond is added to it. The dynamics of this model
is defined as follows. On Z, particles at the vertexes of the bond {z, x + 1} exchange
positions at rate 1, except at the particular bond {0, 1}, where the rate of exchange
is given by a/n, with a € (0, +00). Since the rate at the bond {0, 1} is slower with
respect to the rates at other bonds, the bond {0, 1} coined the name slow bond.
Particles move on the one-dimensional lattice according to those rates of exchange
and they are not created nor annihilated, being the spatial disposition of particles
the object of interest.

The investigation on the behaviour of this process was initiated in [7] where
the hydrodynamic limit was derived (see also [12, [9]). By this we mean that the
density of particles of the system converges to a function p;(-) which is a weak
solution to a partial differential equation, called the Aydrodynamic equation. For
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the choice of the rates given above, the corresponding hydrodynamic equation is
the one-dimensional heat equation with a boundary condition of Robin type:

Oip(t,u) = Oi,p(t,u), foru#0,
Dup(t,07) = dup(t,07) = afp(t,0%) — p(t,07)], (3.1)
p(O,u) = PO(U)7

where 0" and 0~ denote the side limits at zero from the right and from the left,
respectively.

In fact, in [7] a more general choice for the rates was considered, and three
different hydrodynamical behaviours were obtained. There, the slow bond was
taken as the bond {—1,0} instead of {0, 1}, and the rate of exchange at that bond
was given by %, with § > 0 and « as given above. The choice of the slow bond
as {0,1} or {—1,0} is essentially a matter of notation, having no special relevance.
On the other hand, depending on the range of 5, the boundary conditions of the
hydrodynamic equation can be of Neumann type (when 3 > 1), which corresponds
to with a = 0; or there is an absence of boundary conditions (when 5 € [0,1)).
The model we approach here corresponds to the choice 5 = 1 in [7]].

The effect of the slow bond at a microscopic level is obvious: it narrows down the
passage of particles across it. At a macroscopic level, its presence leads to bound-
ary conditions in the partial differential equation. By looking at the hydrodynamic
equation (3.1)), we see that the boundary conditions characterize the current of the
system through the macroscopic position v = 0. The boundary conditions state
that the current is proportional to the difference of concentration of the intervals
(0, +00) and (—o0,0) near the boundary, which is in agreement with Fick’s Law.

The equilibrium fluctuations for this model were presented in [8] and three
different Ornstein-Uhlenbeck processes were obtained, which again had the cor-
responding boundary conditions as seen at the hydrodynamical level. We extend
here the results of [8] by allowing the system to start from any measure and not
necessarily from the stationary measure, namely the Bernoulli product measure,
as required in [8]. The choice of rates as described above is restricted to 5 = 1 so
that we are in the Robin’s regime.

As the main theorem, we prove the non-equilibrium fluctuations and show that
they are given by an Ornstein-Uhlenbeck process with Robin boundary conditions.
By an Ornstein-Uhlenbeck process with Robin boundary conditions it should be
understood, in the same spirit as in [8], that these boundary conditions are en-
coded in the space of test functions, see below. Microscopically, the role of
the boundary conditions at the level of the test functions is to force some additive
functionals that appear in the Dynkin martingale to vanish as n grows. If we do
not impose the boundary conditions of on the test functions, then we would
need some extra arguments to control those additive functionals. This is left to a
future work.

The proof’s structure is the standard one in the theory of stochastic processes:
tightness for the sequence of density fields together with uniqueness of limit points.
Let us discuss next the features of the work, besides the non-equilibrium result it-
self. And at same time we give the outline of the paper.
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The biggest difficulty we face in our proof is undoubtedly the fact that the slow
bond decreases the speed at which correlations vanish. In the usual SSEP, where
all bonds have rate one, correlations are of order O(1/n). In our case however,
correlations are of order O(logn/n), therefore bigger than in the usual SSEP. For
sites on the same side of the slow bond this fact is intuitive: correlations should
actually increase since it is more difficult for particles to cross the slow bond. Curi-
ously, our proof shows that the same happens for sites at different sides of the slow
bond, that is, correlations are of order O(logn/n) on the entire line. An intuition
of why this happens is given in Remark and a discussion of why the bound
O(logn/n) is sharp is made in Subsection [3.4.3]

In Section [3.2| we define the symmetric simple exclusion process in the presence
of a slow bond at {0, 1}, we introduce notations and we state the main results of
the article. At the end of this section, three related open problems are presented.

In Section [3.4| we establish connections between the two-point correlation func-
tion and the discrete derivative with the expected occupation time of a site of
two-dimensional and one-dimensional random walks, respectively, in an inhomo-
geneous medium. This is one of the features: the way itself to estimate correlations
via local times of random walks, which we believe may be applied to different con-
texts. The idea behind that is actually simple. We express both the discrete deriva-
tive and the correlation function as solutions to some discrete equations, then we
use Duhamel’s Principle to write each one of these solutions in terms of transi-
tion probabilities of random walks, in 1-d when looking at the discrete derivative
and in 2-d when looking at the correlation function. Then, the local times of these
random walks show up naturally from these arguments and we need to establish
optimal bounds for them.

Since the necessary estimates for local times of random walks were not yet
available in the literature, we derive them in Section by means of projection of
Markov chains (also known as lumping) and couplings. The statements of those
estimates may look artificial at first glance, but they naturally appear when one
looks for estimates on the discrete derivative of the occupation average at a site
and for the two-point correlation function, as aforementioned.

An additional feature is about uniqueness of the Ornstein-Uhlenbeck process
with Robin boundary conditions in the non-equilibrium setting, where the vari-
ance is governed by the PDE (3.1). Suitably adapting the proofs of [14, (18], we give
a slightly more general version of uniqueness, which permits to consider more gen-
eral starting measures than the usual slowly varying product measure. The gener-
alization here consists on supposing that the density field associated to the initial
measure does not necessarily converge to a Gaussian field, but only to some field.
Moreover, this proof of uniqueness has a pedagogical importance, since the origi-
nal proof of uniqueness for the Ornstein-Uhlenbeck process in the non-equilibrium
setting, to the best of our knowledge, is not available in the literature.

Finally, in Section [3.5| we present the proof of the density fluctuations, which
relies on the estimates of the discrete derivative of expected occupation number at
a site, and on the two-point correlation function. A small but important detail is
the fact that the estimate on the discrete derivative is sufficient for our purposes.
In previous works ([4}, 22]), the proof of non-equilibrium fluctuations was based on
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the convergence of the spatially discretized heat equation towards the continuum
heat equation. Such an approximation is quite good, of order O(n2), and quite
hard to adapt to the non-homogeneous medium set up without some uniform ellip-
ticity assumption as in [17]. On the other hand, the discrete derivative estimate
for the spatially discretized PDE is much easier to reach, as seen here. This idea on
making use of the discrete derivative first appeared in [11]], but its utility becomes
more evident now.

3.2 Statement of results

3.2.1 The model

We fix a parameter a > 0, and we consider the symmetric simple exclusion
process {7; : t > 0} with a slow bound as defined in [7]. More precisely, {7, : ¢t > 0}

is the Markov process with state space 2 def {0,1}%, and infinitesimal generator £,
acting on local functions f : 2 — R via

(Laf)0) = D &ain (f(n”“) —f(n)) (3.2)

TEZ
where

def {1, if 33550, (33)

n pnhdy
§rat1 — .
Bt e ifx=0.
n

Here, for any = € Z, the configuration n***! is obtained from 1 by exchanging the
occupation variables n(z) and n(z + 1), i.e.,

nx+1), ify==x,
LI—H)(y) = nz), if y=2+1,
n(y),  otherwise,

(n

see Figure [3.1]for an illustration of the jump rates. Given n € {0,1}%, we then say
that the site x € Z is vacant if n(z) = 0 and occupied if (z) = 1.

1 1 a/n 1 1
NN NN
@@ O OO O—
B RA AR
1 1 a/m 1 1

Figure 3.1: Jump rates. The bond {0, 1} has a particular jump rate associated to
it, which is given by a/n.
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3.2.2 Hydrodynamic limit

Fix a measurable density profile py : R — [0,1]. For each n € N, let u, be a
probability measure on 2. We say that the sequence {i,}.cn 1S associated with
the profile py(-) if, for any § > 0 and any continuous function of compact support
f : R — R, the following holds:

hm ,un[ ‘—Zf )—/f(u)po(u)du’ >(5] = 0. (3.4)

Fix T' > 0, and let D([0, T, 2) be the space of trajectories which are right continu-
ous, with left limits and taking values in (2. Denote by PP, the probability measure
on D([0,77],) induced by the SSEP with a slow bond accelerated by n?, i.e., the
Markov process with generator n?L,,, and initial measure p,. With a slight abuse
of notation, we also use the notation {7, : t € [0,7]} for the accelerated process.
Denote by E,, the expectation with respect to P,.. In [7, 9] the hydrodynamical
behaviour was studied. We note that the process there was studied in finite volume,
i.e., the model was considered on the discrete torus embedded into the continuous
one-dimensional torus. However, since the extension to infinite volume is just a
topological issue, the statement below can be obtained via an adaptation of the
original approach:

Theorem 3.2.1 ([7,9]). Suppose that the sequence {1, }ncn is associated to the pro-
file po(-) in the sense of (3.4). Then, for each t € [0,T], for any § > 0 and any
continuous function f : R — R with compact support,

’—Zf n(z /f tu)du’>5] — 0,

where p(t,-) is the unique weak solution of the heat equation with Robin boundary
conditions given by

lim P,

n—-+00

Oup(t,u) = Oyup(t,u), t >0, ueR\{0},
Oup(t,0%) = 0up(t,07) = a[p(t,07) — p(t,07)], t >0, (3.5)
p(0,u) = po(u), u€R.

Here, p(t,07) and p(t,07) denote the limit from the right and from the left at
zero, respectively. The notation 0F will be used throughout the article.

3.2.3 Space of test functions and semigroup

In this section we introduce a space of test functions, that is suitable for our
purposes, and which, basically, coincides with the one in [10]. Here, functions are
continuous from the left at zero, while in [10] functions are continuous from the
right. This subtle difference is due to choice of slow bond’s position, which is {0, 1}
here and {—1,0} in [10].

Definition 6. We denote by S.(R) the space of functions f : R — R such that:
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(1) fis smooth on R\{0}, i.e. f € C*(R\{0}),
(it) f is continuous from the left at 0,
(iii) for all non-negative integers k. (, the function f satisfies

d* f

. n=J
| fllke = i‘iﬁ’“ﬂ“‘ )duk(u)‘ < 00, (3.6)
(iv) for any integer k > 0,
d2k+1f d2k+1f B d2kf kof B
gzt (0 = (7)) = o Gar (0 = 50y ) BD

Moreover, S/ (R) denotes the topological dual of S, (R).

In plain words, S, (R) essentially consists of the space of functions in the Schwartz
space S(R) that are not necessarily smooth at the origin. It is a consequence of
that %(0*) and flkT{(O‘) exist for all integers £ > 0. As in [8], one may show that
So(R) is a Fréchet space (this fact was only used when showing tightness, see
[21]). We recall below the explicit formula for the semigroup that corresponds to

the PDE (3.5).

Proposition 3.2.2 ([8]). Denote by geven and goqqa the even and odd parts of a func-
tion g : R — R, respectively. That is, for u € R,

Geven () = w and  goga(u) = M

The solution of (3.5) with initial condition g € S,(R) is given by

a 1 ~ (u—y)?
Ty g(u) = th{/ﬂ@e &

201 e —2az e z—y+4at 7% zty—4daty — (Zté’)z du d
te € ( o )6 + ( 2% )6 GJodd (y) yaz o,
u 0

Geven(Y) dy

for u > 0, and

for u < 0.

The next proposition connects 7 with the space of test functions S, (R).
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Proposition 3.2.3 ([10]). The operator T defines a semigroup T : S,(R) — S,(R).
That is, for any given g € S,(R) and any time t > 0, the solution T g of the PDE
(3.5) starting from g also belongs to S, (R).

Definition 7. Let A, : S,(R) — S,(R) be the Laplacian on S,(R), i.e., for any
f € Sa(R),

) .
Anfu) = { ;u“figf) z; Z i 8 (3.8)
The definition of the operator V,, : S,(R) — C*|[0, 1] is analogous.
3.2.4 Discrete derivatives and covariance estimatives
Fix an initial measure p,, on ). For x € Z and t > 0, let
pi(@) € By ()] (3.9)
A simple computation shows that p}(-) is a solution of the discrete equation
o} (x) = (WPAup})(z), 2€Z, t>0, (3.10)

where the operator A,, acts on functions f : Z — R as

(Auf)@) = o (f@+1) = f@) + €. (fe-1) - f@), Yoz, @11
with &, .1 as defined in (3.3).

Definition 8. For =,y € Z, and t € |0, T, define the two-point correlation function

or(x,y) B, [m(@)my)] — o @)oi(y) . (3.12)

We now state two results that are fundamental for the study of density fluctu-
ations, which are interesting by themselves.

Theorem 3.2.4 (Discrete derivative estimate). Assume that there exists a constant
¢ > 0 that does not depend on n such that

sup [pg () — po(5)| < (3.13)

T€EZ

3o

Then, there exists ¢ > 0 such that, for all t € [0,T], and all n € N,

3ol

, ifx #0,
if r =0.

o

e+ 1) — (o) < {

Note that the second inequality above is obvious, but we kept in the statement
of the theorem for the sake of clarity.

46



Theorem 3.2.5 (Correlation estimate). Assume that there exists a constant ¢ > 0
that does not depend on n such that

(3.14)

Slo

sup |pp(z,y)| <
(z,y)EV

Moreover, assume that (3.13) is satisfied. Then, there exists ¢ > 0 such that for all

n €N,

clogn
sup sup | (wy)] < —ot (3.15)
t<T (z,y)eV n

where V :={(x,y) € ZxZ: y>z+1}

Remark 3.2.6. Note that by the symmetry of the correlation function, Theorem
immediately implies (3.15) for x # .

3.2.5 Ornstein-Uhlenbeck process

Let p(t,-) be the unique solution of the hydrodynamic equation (8.5). In what
follows, D([0,T],S.(R)) (resp.
C([0,T1],S.(R))) denotes the space of cadlag (resp. continuous) S/ (R) valued func-
tions endowed with the Skohorod topology. We also denote by x the static com-
pressibility defined by x(p) = p(1 — p). Denote by <-, ‘) p:() the inner product with
respect to L3 (R), where the measure A,(du) is given by

Adld) & 2x(p))du+ = [(0)(1 = pi(07)) + pi(07)(1 — p07)] (), (3.16)
where dy(du) denotes the Dirac measure at zero. More precisely, for f,g € S,(R),
(£ 9y = [ 21l gt du
= [0 = p07)) + p07)(1 ~ p07))] £(0)g(0)

Proposition 3.2.7. There exists a unique (in distribution) random element ) tak-
ing values in the space C([0,T],S.,(R)) such that the following two conditions hold:

i) For every function [ € S,(R), the stochastic processes M,(f) and N,(f) given
by

M(f) = Df) = Yo(f) - / V(Auf)ds. (3.17)
NiF) = (MADY = [ 19ty (3.18)

are Fi-martingales, where for each t € [0,T], F; :== o(Vs(f);s <1, f € Sa(R)).
ii) ) is a random element taking values in S/, (R) with a fixed distribution.
Moreover, if i) and it) hold, then:
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o for each f € S,(R), conditionally to F; with s < t, the distribution of Y,(f) is
normal of mean Y,(T2 . f) and variance f; VI f ||2T(.) dr.

e If )y is a Gaussian field, then the stochastic process {Y,(f);t > 0} will be
Gaussian indeed.

In other words, if V! and )? are random elements taking values on C([0, 7], S, (R))
and satisfying the martingale problem described above by i) and ii), then )! and
V? must have the same distribution.

It is common in the literature to write the martingale problem stated above as
a formal solution of some generalized stochastic partial differential equation. We
discuss it with no mathematical rigor, aiming only at giving some intuition on the
fluctuations’ global behavior.

We call the random element ) a generalized Ornstein-Uhlenbeck process, de-
fined via Proposition which takes values on C([0,77],S.(R)) and it is the for-
mal solution of

dYy = Adt + Vo dW;, (3.19)

where:

e The operators A, and V., have been given in Definition [7| and are usually
referred to as the characteristics of the Ornstein-Uhlenbeck process.

¢ W is a space-time white noise with respect to the measure A (du), i.e., W is a
mean-zero Gaussian random element taking values in the dual space of L3 ([0, 00) x
R) with covariances given by

E[W(F)W(G)] - /OOO/RF@,U)G(S,U) dA(s,u), YF,G e L2([0,00) x R),

where dA(s,u) = dAs(u) x ds, and A, has been defined in (3.16).
e For f € S,(R), we define W,(f) := W(f1j). In particular, {W,(f) : f € So(R)}
is a Gaussian process with covariance given on f, g € S,(R) by

E[Wt(f)wt(g)} = /Dt<f79>ps(.)ds.

3.2.6 Non-equilibrium fluctuations

We define the density fluctuation field )™ as the time-trajectory of a linear func-
tional acting on functions f € S,(R) via

VAT %Zf(%)(m(x) - @) (3.20)

TEZL

For each n > 1, let @,, be the probability measure on D([0,7],S.(R)) induced by
the density fluctuation field )" and a measure 1,,. We now state the main result of
this paper:

Theorem 3.2.8 (Non-equilibrium fluctuations). Consider the Markov processes
{n: : t > 0} starting from a sequence of probability measures {ji,},cn associated
with a profile as in (3.4), and assume:
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(A) Conditions (3.13) and (3.14) on mean and covariance, respectively.

(B) There exists a S/,(R)-valued random variable ), such that )Y converges in dis-
tribution to ), whose law we denote by £.

Then, the sequence of processes {);'},cn converges in distribution, as n — +oo,
with respect to the Skorohod topology of D([0,T],S.(R)) to a random element ) in
C([0,T],S.(R)), the generalized Ornstein-Uhlenbeck which is a solution of (3.19),
and ), has law £.

It is of worth to give examples of sequences {i,},en of initial measures sat-
isfying assumptions (A) and (B). Next, we present two examples of such initial
measures and we leave an open question on the subject.

The first example we present is the standard one for non-equilibrium fluctua-
tions: take {un}neny as the slowly varying Bernoulli product measure
{V;‘O(.)}neN associated with a smooth profile p, : R — [0, 1], that is, Vo) is a product
measure on {0, 1}* such that

vy in € {0, 1} on(z) =1} = po(%).

Obviously, (A) is satisfied. The proof that (B) holds is just an adaptation of the
analogous result for the SSEP, being included in Proposition for the sake of
completeness.

The second example we discuss is somewhat artificial, but, in any case, illus-
trates the existence of a sequence of non-product measures satisfying (A) and (B).
Let 1, be the measure on (2 induced by the distribution at the time rn?, where
r > 0 is fixed, of the (homogeneous) one-dimensional SSEP started from the slowly
varying measure v, defined above.

From the propagation of local equilibrium for the SSEP (see [18] and references
therein), one can check that condition holds. Besides that, it is well known
that the SSEP has longe range correlations of order O(1/n), giving (3.14). Thus,
assumption (A) is satisfied. From the non equilibrium fluctuations for the homo-
geneous SSEP (see [4, [22]]) one can deduce that (B) is satisfied, where the law £ is
determined by the distribution of the Ornstein-Uhlenbeck process at time r > 0.

We now debate the issue of which properties a sequence of initial measures
should have in order to satisfy (A) and (B). Assume, for the moment, that the
initial measures {, },en for the Markov processes {7, : t > 0} satisfy:

(1) Condition (3.13) holds.

(ii) For each n € N, the correlation at the initial time is of order O(1/n) times a
bounded profile (", that is,

¢8<I7y) = C ) VZ’,yEZ,VHEN,

where the sequence of functions (" : R x R — R, converge uniformly to a
bounded continuous function ( : R x R — R, as n — oo. Note that this

implies (3.14).
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Under (i) and (ii), condition (A) holds. Moreover, under (i) and (ii), and following
the same steps of Subsection one can obtain tightness of {)'},.cn. Hence,
in order to achieve (B), it is only missing the convergence in distribution of the
sequence of initial density fields {)'},en. Let f,g € SQ(R). By simple calculations,

B [Y5N%6)] =~ 3 FE0E) B @)’ + - 3 FEe(D)eiy)

TF#Y
z,yEL

Above 77 denotes the centered random variable 7 : 7;(x) := n(z) — p}(x). Under (i)
and (ii), it is easy to check that expression above converges to

/Rx(po( NI du+//cw r g(r) dw dr

as n — oo. Note that the limit above indicates that 1/n is the right order on the
decay of correlations in order to exist a limiting non zero effect on the distribution
of initial density field ))y. However, convergence of means and decay of correlations
do not suffice to assure that )(f) actually converges in distribution: some special
central limit theorem is required here. This CLT is not an easy subject due to the
slow decay of correlations and due to the fact that for each n, the random variables
no(x) may have different distributions. We therefore leave it as an open question:

Open Question 1. Given assumption (A) of Theorem which additional hy-
potheses are necessary for (B) to hold?

Without going into details, we affirm that a natural strategy to prove cur-
rent/tagged particle fluctuations relies in a decay of correlations of order
O(1/n), see [16]. However, the correlations of the non equilibrium SSEP with a
slow bond here considered are of order O(logn/n), see Theorem [3.2.5] Moreover,
the current/ tagged particle fluctuations for the equilibrium scenario with a slow
bond are already understood, see [8]]. This leads us to:

Open Question 2. How to prove current/tagged particle fluctuations for the non
equilibrium SSEP with a slow bond? May (or must) a different scaling be consid-
ered?

Finally, naturally inspired by [8], we state:

Open Question 3. Consider § > 0 with § # 1. How to prove non-equilibrium
fluctuations for the one-dimensional SSEP with a slow bond of rate an=52

We believe that this last open problem shall be solved by the methods of this
paper, and we leave it for a future work. For the first two problems, we have no
clear strategy to solve it.

3.3 Estimates on local times

In this section we derive estimates on the local times of a random walk with
inhomogeneous rates, which will be later used in Section in the proofs of The-
orems [3.2.4] and [3.2.5] In the sequel, given any Markov chain Z and a set A, we
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denote by L;(A) the local time of Z in A until time ¢:

t
L(A) & / 1(z.cads. (3.21)
0

3.3.1 Estimates in dimension two

We denote by {(X;,Y;); t > 0} the random walk on the set V = {(z,y) € Z X Z:
y > x + 1} with generator B,, acting on local functions f : V — R via

(Buf) () &3 culu,0)[f(v) — f()], YueV. (3.22)

veV
Here, the rates are defined as pictured in Figure More precisely, for v = (uy,us)
and v = (v;,vs) such that the L!'-norm{| satisfies ||u — v||; = 1, we define
e, v) det | 2, if (u,v) €U,
e L ifugUorv ¢ U
and c,(u,v) = 0 if the L'-distance of u and v is not equal to one. Here, U is the
subset of V' given by

[ def (z,y) eV:ze{0,1}andy >2} U{(z,y) €V:z<-landye {0,1}},

and U is the subset of U%? defined via

U {(u,0) € U flu—v] = 1, [ur — 1] = 1 and us, v, > 2}

(3.23)
U{(u,v) € U®*: |Jlu—v| =1, Jus — vo| = 1 and uy,v; < —1}.

We furthermore denote by D the “upper diagonal” defined by D def {(z,y) € Z* :
y =z + 1}, see Figure 3.2 below.

Figure 3.2: Sets V', D and U and U. Sites of VV are the ones laying on the light
gray region. Sites in D lay on the dotted line and sites of U are marked as gray
balls. Elements of U/ are edges marked with a thick black segment having jump
rate equal to «/n (slow bonds). Any other edges have rate 1.

1We write || - ||; for the L'-norm on Z2, that is, ||(u1,u2)||1 = |u1| + |usal.

51



By E(xy), and P4 ,) we denote the corresponding probability and expectation when
starting from (x,y) € V. The goal of this section is to prove the following result.

Proposition 3.3.1. There exists a constant ¢ > 0 such that for all (z,y) € V, all
neN, andall t >0,

E., [Ltna(D\{(O,l)}ﬂ < envVt, and

B(o | Lua ({(0.1}) ] < clog(tn?).

To prove Proposition [3.3.1, we estimate first in Lemma the local time of a
simple random walk confined to the boundary of the set

(3.24)

w {(z,y) €Z?: 0 <z <y},

which is V intersected with the first quadrant shifted by the vector (1,2). In plain
words we identified the vertex (1,2) in V with the origin, which is a change only of
notational nature. Its proof consists on a comparison argument, which is the con-
tent of Proposition Afterwards, in Lemma (3.3.5, we show that the expected
number of jumps over the set of slow bonds (i.e., those with rates «/n) is finite.
Finally, with all that at hand, we are able to finish the proof.

We denote by (X", Y") the continuous time simple random walk on W that
jumps from a site z; € W to any fixed neighbouring site z, € W at rate 1, i.e.,
the simple random walk reflected at the boundary of W (which takes a triangular
shape, see Figure[3.3). In particular the total jump rate out of 2; € W is equal to
the number of nearest neighbours of z; that lay inside /. Expectation with respect
to (X", Y") conditioned to start at (z,y) € W is denoted by EZW).

Y

T
Figure 3.3: For (X", Y") any jump rate is equal to 1.

Lemma 3.3.2. There exists a constant ¢ > 0 such that for all t > 0 and all (z,y) €
W,
E(,, [Li(0W)] < evt. (3.25)

(z,y)

To prove the above lemma we will need two additional results. To introduce the
first one, we remind the reader that a continuous time Markov chain on a count-
able set £ can be constructed from a transition probability p on £ and a bounded
function \ : £ — (0, 00) as follows:
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(1) sample a discrete time Markov chain (¢,),>¢ with transition probability p;

(2) sample a sequence of independent random variables (7,),>o such that 7, is
exponentially distributed with rate A\({,) and define the successive sequence
of jump times via 7o, =0 and 7,, = 7, + T,,_; for n > 1;

(3) finally, define the continuous time Markov chain Z via
Zy = fnl{T,L§t<Tn+1} .

To continue, we fix a transition probability p on £ and for any a,b such that 0 <
a < b < oo, we denote by Zl** the continuous time Markov chain with transition
probability p and such that its field of rates (A, 4 (x)).cq is such that A\, () € [a, ]
fo[r be]111 r € G. We denote the expectation with respect to Z[*! started in z € £ by
EX.

Proposition 3.3.3. Fix 0 < a < b < ¢ < d < oo, and define AY supzeg AC‘” . For

any AC Eandany z € €,
ESI[L(4)] < BV [Ly(A)]. (3.26)

The second result is about projections (also called lumping) of continuous time
Markov chains.

Proposition 3.3.4. Let £ be a countable set, and consider a bounded function ( :
E x & —1[0,00). Let (X¢)i>0 be the continuous time Markov chain with state space £
and jump rates {((z,y)}.yecq- Fix an equivalence relation ~ on £ with equivalence
classes £ = {[x] . x € £} and assume that ¢ satisfies

> Clay) =) y) (3.27)

whenever x ~ 1. Then, ([X;]);>0 is @ Markov chain with state space £ and jump

rates (([z], [y]) = 20, C(2,9).

We first prove Proposition |3.3.3, afterwards Proposition and finally we
prove Lemma |3.3.2

Proof of Proposition To prove we use a coupling argument. We do so
by first sampling the discrete time Markov chain (¢,),>¢ as alluded above, and we
intend to construct Z*% and Z[¥ both from the same realization of (£,),>0. To that
end, we consider an independent field of Poisson clocks (Nic’d})xeg such that for any
x € & the rate of N\ equals A 4(x). We further define

t

a def
Na[: ,b](t) € N[ }(m)\[mb](ﬂf))

and it readily follows that for each = € £ the process N is a Poisson process with

rate A\, (2). Hence, it follows from the construction outlined before the statement
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of Proposition that the construction above yields indeed a coupling of Z*!)
and 74,

This coupling has the following two properties, which immediately proves (3.26).

Denote by Z[[g:f]] the sequence of visited points by the process 7|y, until time ¢, with
[a,0]

an analogous definition for Z;’y,.

(1) There exists some u € [0, At] such that Z[[gjg] = Z[[gﬁ That is, the sequence

[a,b]

Z[[g:g] is an initial piece of Zig g

(2) Given z € Z[[gf]], then at its k-th visit to = the holding time at that point of
7Y is larger than the one of Z[4,
O

Proof of Proposition Let P be the transition matrix of the skeleton chain of
(X¢)i>0 (i.e., of the underlying discrete time Markov chain). Assumption (3.27)
implies that

P(z,ly]) = P [y])

whenever z ~ /. It then follows from [20, Lemma 2.5, pp. 25] that the skeleton
chain of ([X{]):>o is a discrete time Markov chain with transition matrix given by
P¥([z], [y]) := P(z,[y]). Thus, it remains to show that the holding times of ([X;]):>o

are exponentially distributed with rates { > Szl [y])}[ e’ Yet, this is, as well,
x|e
a consequence of (3.27). Hence, we can conclude the proof. O

Proof of Lemma The proof comes in two steps.

Y Y

N[ =
DO |-

A~
v

AN

N[ =
N[

N [—=

N =
L Ll 2

N [—=

D L

Vi
N
N =

T X
Rates of (X", Y") are ([XD]’ [Y"]) only lives on th_e upper
everywhere equal to 1 /Qt-rlangle. The rates out of diagonal
are doubled, but the rates towards
the diagonal remain 1/2.

Figure 3.4: Relation between (X", Y") and ([X"],[Y"]).
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1st Step. In this step we show that it is sufficient to estimate the local time of a
simple random walk on

def
Z220 = {(I’,y)EZ2 x7y20}7

and we refer the reader to Figure [3.3|and [3.4] for an illustration of the various ran-
dom walks that will appear in this part of the proof. To that end, let (X", Y") be a
simple random walk defined on Z2, that jumps from 2z, € Z%, to a fixed neighbour-
ing site 2, € Z2, at rate . Write -

OWiag dof {(z,y) e W: z=y}. (3.28)
Our aim is to show that for any (z,y) € W,
E(Vfr,y) [Lt(é?W)] S E(Dx,y) [L%(aZQzOﬂ + E(D:E,y) [L%(aWdiag)] ) (3.29)

where the expectations on the right hand side of the display above denote the
expectation with respect to (X", Y") started at (z,y). To see that is true we
consider the function 7' : Z%2, — Z2, that maps each > € Z2%, to its reflection with
respect to the diagonal 9Wgs,,. Note in particular that 7 is its own inverse, so that
we can define an equivalence relation on Z2, via

21~ 29 e dn € {1, 2} such that Tn(21> = 29. (3.30)

Writing P” for the transition matrix corresponding to the underlying discrete time
random walk of (X", Y"), and by {((z,y)}.yczz, its field of rates, it is easy to see

that for any 21 ~ 2, and any 23 € Z2,

> e 2) = > e, %) (3.31)

! !
2523 25723

Hence, by Proposition and the fact that the set Z2,/~ equals IV, the process
([X"],[Y"]) can be identified with a simple random walk on W such that its jump
rate out of each fixed edge equals % except for those attached to 0Wjgiag, where the
jump rate is 1. Note in particular that this makes the set of edges directed. Indeed,
the jump rate from x € OWjyie to any neighbour y is 1, whereas the jump rate from
ytoxis 3.

Denoting by EEWD the expectation with respect to ([X"],[Y"]) when
started at ([z], [y]), we see that as a consequence of Proposition

Ef, ) [L(0W)] < B, [La(0W])]. (3.32)

Thus, (3.29) readily follows from last inequality.

2nd Step. We now show that it is sufficient to estimate certain local times of a
simple random walk (X,Y) on Z? jumping at total rate 2 (i.e., the jump rate over
any fixed edge is 1), which will then yield the claim. To that end we define an
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Figure 3.5: Ilustration of equivalence relation in the 2nd Step of the proof of
Lemma [3.3.2l 0Wgisg gets identified with the points on dashed lines. The four
points marked with black balls compose a single equivalence class. Non-zero jump
rates between any two equivalence classes are everywhere equal to 1/2.

equivalence relation by imposing that (z,y) ~ (z,—y — 1) and (z,y) ~ (—z — 1,y),
for any =,y € Z. We then note that in this way 0Wgi.e gets identified with
def 9
[8Wdiag] ={(r,y) €Z°: x = y}
U{(z,y) €Z®: z=-y—1,y>00ry=—z—1,2>0},

see Figure Note that by Proposition the random walk (X°,Y") can be
identified with ([X], [Y]). This shows that it is sufficient to bound

BV [La(A)], (3.33)

where A = A, U Ay, U A; with
A E (@) €2 x =y},

Ay def {(x,y)GZQ: x:—y—l,yZOory:—x—l,xZO}, and (3.34)

A, & {(z,y) €Z®: €{0,-1}, ory € {0,—1}}.
Since X — Y has the same law as a one-dimensional symmetric simple random
walk, we conclude that L, (A;) equals in law to the local time at zero of a one-
dimensional symmetric simple random walk, for which the statement of this lemma
is well known, and for completeness, we provide a short proof of it in Proposi-
tion [3.6.1 A similar argument may be used for A,, and As;. Therefore, we can
finish the proof. O

We now come back to the original problem, i.e., estimating local times of the
random walk (X,Y') defined on the set V. An important ingredient in the analysis
will be an estimate on the number of jumps of (X,Y) over the set of slow edges,
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i.e., those that are depicted with thick black segments in Figure We denote
the set of these edges by S, and we define a sequence of stopping times via

7 = inf{t > 0: (X;,Y;) crossed an edge in S}, and fori > 2,

. . (3.35)
7, = inf {t > 71 : (X, Y,) crossed an edge in S}.
Finally, we define the number of crossings until the time tn? via
Cip2 = sup {z >0:71 < tnz} ) (3.36)

Lemma 3.3.5. There exists a constant ¢ > 0 such that uniformly over all starting
points (x,y) € V,allt >0, and all n € N,

E(%y) [sz] < c. (337)
Proof. We first show that for all i > 1,

(inf) Poyln— 1o > tn*] > 0. (3.38)
T,y

To that end, assume without loss of generality that (z,y) is in the first quadrant.
In this case 7; can be interpreted as a first success of the simple random walk
(X", YY), which with a slight abuse of notation is now considered on the set W
given by the intersection of V' with the first quadrant, in the following way: when-
ever (X”,Y") is on a vertex z that is attached to a slow bond it realizes the follow-
ing experiment: besides its three (one if the vertex is (1,2)) independent Poisson
clocks N}, N2 and N? ringing at rate 1 that are needed for its graphical construc-
tion, it considers an additional independent Poisson clock N,(«) ringing at rate
a/n. We then say that the experiment is successful if N, («) rings before any of the
other three clocks. It then follows from the construction that the time of the first
success equals in law the time of the first jump of (X,Y) over a slow bond. Indeed,
one may couple (X,Y) and (X", Y") such that they move together until the first
time of success. Thus, using the fact that each experiment is independent of the
evolution of (X", Y"), and that the set of vertices that are attached to S is a subset
of OW, we see that for any constant ¢ € (0, 1),

Pylm > tn’] > P{, [Lin2(0W) < cv/in, all experiments are unsuccessful |
= P(way) [Ltn2 (W) < C\/¥TL] -P[exp(a/n) > C\/En] :

(3.39)
where exp(a/n) denotes an exponentially distributed random variable with rate
a/n. It now follows from Lemma 3.3.2]and Markov’s inequality that there exists ¢ €
(0,1) such that the right hand-side of is strictly larger than zero, uniformly
in (z,y). With similar arguments we may derive the same statement for all : > 2.
We next introduce the random variable

N = inf {z >1:7—Ti_1 > tn2} . (3.40)

Then, using the strong Markov property at time 7,_;, bounding the probability of
the event {7; — 7,_; > tn?} by 1, and then once again using the strong Markov

57



property at time 7;_,, we can estimate for any i > 1,

i—1
Pey[N =1 < Puy [ ({7 — 71 < tn’}
j=1
1—2
- E(Z‘,y) |:H I{Tj_Tj—1<tn2}E(XTi,27YT,L'72) [1{71<tn2}] .

j=1

(3.41)

Using (3.38), we see that there exists ¢ € [0,1) that is independent of the starting
point (z,y), such that the latter term above is bounded from above by

i—2

CE(;WJ) [H I{ij"rj_1<tn2} . (342)

j=1
Iterating the above procedure we can get that

sup Puy[N=i] < 71, (3.43)
(z,y)eV

which in turn implies the uniform boundedness in (z,y) € V of the expectation of
N. Since C},2 < N, this implies the claim. O

We present now the proof of Proposition [3.3.1, and we focus first on the local
time of the set D\ {(0,1)}. For definiteness we assume that (X,Y) starts in (z,y) €
W, where we recall that, abusing of notation, ¥ denotes V' intersected with the
first quadrant. All other cases follow by a straightforward adaptation of this proof.
Note that the event {(X;,Y;) € D\ {(0,1)}} is only possible, if s € U [T, 72i11),
where 7 = 0. Hence, we can write

2

tn
Ee | L (D0, D})] = By | /0 L. Yaen oy ds]

0 TQi+1/\tn2
-y

i=0 T2¢/\tn2

(3.44)
1x,, v )en\{on}} ds] .

Fix i € N. Applying the strong Markov property at time 75; we can rewrite each
summand in the display above as

T1AtN2 —To;
E(gj,y) |:1{T2i<tn2}E(X7—2i ’Y7'2i) |:/0 1{(257?3)613\{(071)}} d8:|:| y (3.45)

where (X,Y) denotes an independent copy of (X,Y) and 7, is the corresponding
stopping time, defined in the same way as 7; in (3.35). We now recall that as a
consequence of the proof of Lemma until the time 7, the walk (X,Y) can be
coupled with (X", Y"). Hence, we see that is at most

2

tn
E(y) [1{m<tn2}] sup E(wﬁy)[/ L1 x7 ¥7)ep\{0.1)}} 45| - (3.46)
(zy)ew 0
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Making use of Lemma we see that there exists a constant ¢ € (0,00) such
that for all starting points, all ¢ > 0 and all n € N, the term on the left hand-side
of (3.44) is bounded from above by

C\/ETL E(I7y) [Otnz} . (347)

Hence, an application of Lemma|3.3.5|is enough to conclude the claim. To estimate
the local time of the vertex (0, 1) we can proceed almost exactly as above, and we
see that there exists a constant ¢ € (0, +00) such that

2

Ey) [Lth ({(O, 1)})] = /Ot" Py [(Xs,Ys) = (0, 1)} ds
< CZ /2m2 Py [(XS,YS) = Z] ds,

zeA 0

(3.48)

where we recall that (X,Y) denotes the simple random walk on Z? jumping at
total rate 2, and A = {(0,1),(1,1),(0,0),(1,0)}. The proof now follows from the
local central limit theorem, see for instance [19, Theorem 2.5.6] (this result is
stated for one-dimensional continuous time random walks, however using the fact
that a d-dimensional continuous time random walk consists of d independent one-
dimensional random walks, it may be easily adapted to our setting), or alterna-
tively from Proposition [3.6.2]

3.3.2 Estimates in dimension one

We denote by {X;; t > 0} the random walk on Z with a slow bond, that is, the
random walk with infinitesimal generator A,, given in (3.11) and we use E,, P, to
denote the corresponding expectation and probability, starting from = € Z.

Lemma 3.3.6. For all x,y € Z, and for all t > 0 we have the equality
P,(Xy=y)+P,(Xy=-y+1) = P,(Xy=y) + P (X, = -y + 1), (3.49)

where (X,);>¢ denotes a one-dimensional symmetric simple random walk jumping
at total rate 2.

Proof. The proof comes in two steps.

1st Step. In this step we rewrite the left hand-side in (3.49) in terms of the tran-
sition probabilities of a symmetric simple random walk that is reflected at 1. To
that end, we define the following equivalence relation:

r~y <= y=-—-x+lory=ux. (3.50)

Note that in particular in this way 0 gets identified with 1, so that jumps between
these two vertices “do not count”. One may then readily check that condition (3.27)
is satisfied, so that ([X;]);>o defines a continuous time Markov chain. It is then
plain to see that for all + € Z and all ¢ > 0 the following relation holds:

Xy =[z] <= X,e{x,—x+1}. (3.51)

59



Thus,
P,(X: € {y,—y+1}) = P([X]=[y]). (3.52)

Choosing only representants in the set Z-; o {r € Z: x> 1} we see that ([X¢])i>0
may be identified with a simple random walk (X/);>o on Z>; that jumps from
any vertex © € Z>; to a fixed neighboring vertex in Z-, at rate 1. Thus, for any

x,y > 1, (3.52) becomes
P.(X;e{y,—y+1}) = P.(X =y). (3.53)

2nd Step. In this step we show that the right hand-side of may be rewritten
in terms of a symmetric simple random walk on Z jumping at total rate 2. To that
end we use the same equivalence relation as above and we note that (X;);>¢ can be,
in the same way, identified with (X/[*);5, as (X;)i>o can be identified with ([X;]);>0.
This finishes the proof. Il

3.4 Estimates on the discrete derivative and cor-
relations

In the next two subsections, we present the proofs of Theorems|3.2.4) and [3.2.5],
respectively.

3.4.1 Estimate on the discrete derivative
This section is devoted to the proof of Theorem [3.2.4]

Proof. Recall that p} is a solution of (3.10). Since the statement is clear for = = 0,
we only need to deal with the case = # 0. Let p; be the solution of the equation
(3.5), and define 4" : [0,T] x Z¢ — R via

() & LA =) i 20 350
p(0) — pi(=2), otherwise.

The reason for the previous definition is that it distinguishes two cases, since at
x = 0 the time derivative of p is not related to its spatial derivatives in a way that
is helpful for our purposes. However, with the above choice of 4" we see that for all
r €L,

oy (x) = n*AN(x) + F' (), (3.55)

where

F(z) = (3.56)
n*A,pi(0) — 02p, (=) otherwise.

Observe that, by the definition of A, in (3.11), for z € Z\{0, 1}, F{* accounts for the
difference between the discrete and the continuous Laplacian. To continue, we add

dof {(nmn — 02)pe (%) if o 0,
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and subtract p;(£) and p,(21) to | (z + 1) — p}(z)| and use the triangle inequality
which yields

i@+ 1) — @) < i+ DI+ @)+ e(22) - p(2)]. (3.57)

We first treat the rightmost term above. Since = — p;(z) is differentiable in any
neighborhood outside of zero, and p; has one sided spatial derivatives at zero, we

see that

o (58) = e (3)] = O(3)
Recall that {X;; ¢t > 0} denotes the random walk on Z generated by .A,,. Applying
Duhamel’s principle we see that we can write the solution of as

#) = B[+ [ FEL (X ]

Therefore,

sup sup |y (z)] < sup|yg(z)| + sup sup
t<T zxz€Z x€EZ t<T x€Z

Ex[/OtFtiS(XW)ds} ‘

Since |7 (x)| = |pg(x) — po(z)|, by Assumption (3.13) we only need to control the sec-
ond term on the right hand-side of the previous expression. By Fubini’s Theorem,
we see that

t
E[/O F (Xo2) ds / S P [Xge = 2] B (2) ds. (3.58)

2€7Z

Since the discrete Laplacian approximates the continuous Laplacian, we conclude
that |F/*(z)| < C/n? for any z € Z\{0,1} and for any ¢ > 0. Therefore, we can bound
the absolute value of (3.58) by

tﬁ + / Z P, (X2 = 2| |[F,(2)] ds. (3.59)
Moreover, we also have that
FL @) = n2(p(2) = o) + = (0e(2) = () = 320u(2)
= n(n(p(2) = pi() + a(pul(2) = (L)) - 2oL

Summing and subtracting ap(0*), using the Robin boundary conditions and Taylor
expansion, the last equation becomes bounded from above by

n(L02pu(2) +0(1/n%) + 3620u(L) = adupn(0F) + O(1/m) = D2pu ()],

from where we get that |F*(1)| < C for any ¢ > 0. For 2 = 0 we obtain, in a similar
way, a bound of the same order. Therefore, (3.59) is bounded from above by

C t
=+ O/ (Py X2 = 0] + P, [ X2 = 1]) ds.
0
Thus, applying Lemma below the result follows. O
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Lemma 3.4.1. Let X be as in Subsection There exists a constant C' > 0 such
that the following estimate holds for all t > 0:

/th[Xsng 6{0,1}} g < OV

n
Proof. Denote the symmetric simple random walk on Z jumping at rate 2 by { X;; ¢t >
0}. It is then well known that for all ¢ > 0 the map = € Z — P,[X; = 0] is max-
imized at v = 0. Hence, Lemma [3.4.1|is a consequence of Lemma together
with Proposition |3.6.1 ]

3.4.2 Estimate on the correlation function

In this section we prove Theorem To that end, we show that the corre-
lation function ¢" introduced in Definition [§| can be estimated from above by the
local times of the random walk {(X,,Y;); t > 0}, introduced in Subsection [3.3.1]
This is the content of Proposition [3.4.2] Proposition then immediately yields
the result. Given a set A C V, similarly as in Section 3.3 we denote by L;(A) the
local time of {(X;,Y}); t > 0} until time ¢ in A, see (3.21).

Proposition 3.4.2. There exists C > 0 such that
sup |y (z, )|
t<T

< % + 0(%(]3(%1,) [Lo2r(D\ {(0,1)})] + %E@,y) [Ln27({(0, 1)})])~

Proof. First, observe that from Kolmogorov’s forward equation, we have that

e (x,y) = Ky, [n*Lo(n(x)m(y))] — 0o} (2)p} (y)) -

Applying (3.2) and (3.9) and performing some long, but simple, calculations, one
can deduce that ¢} solves the following equation:

(3.60)

Aot (,y) = n’Bugp(z,y) + g7 (2, y) ,
where B,, was defined in (3.22) and

(8]
g} (v, y) = —(Vip?(x))z(lw\(o,n}+51{<o,1)}>- (3.61)

Here, V' denotes the rescaled discrete right derivative which, for any function
f:Z — R, is defined via V f(z) & n(f(x + 1) — f(z)). By Duhamel’s Principle,

t
90?(1’, y) = E(w,y) |:908<th27Ytn2) + / g?_s(Xsn%stQ) d3:| )
0
where {(X;,Y;); t > 0} is the random walk with generator B,,. In order to prove
the proposition we just have to estimate the right hand-side of the last equation.
We see that
t
sup [} (2, y)| < [g (2, y)| + sup )E(z,y) [ / gtn—s(Xsn%stz)dS} ‘ (3.62)
t<T t<T 0
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By Assumption (3.14), the first term on the right hand-side of the last expression
is bounded from above by C/n. Thus, to finish the proof we only need to estimate
the rightmost term in the display above.

Applying the definition of ¢", and rewriting the expectation above in terms of
transition probabilities, we see that for any s < ¢,

Ey) 97— (Xsn2, Yp2)] = Z [ - (v:pg—s('z))ﬂP(x,y)[(Xsn2vstQ) = (2,2 +1)]
z#0

+ %[ — (Vi pi=s(0))*]P (o [(Xonz, Yonz) = (0, 1)] .

Consequently, for all (z,y) € V, the rightmost term in (3.62) is bounded from above
by

t
S, /0 (P(w)[(Xsng,stg) e D\{(0,1)}] + s,w% Pl [(Xonz, Yanz) = (0, 1)])45, (3.63)

where
S, = sup sup (V) pi(z))*? and S,o = sup (V,p(0)). (3.64)
>0 -€z\{0} 0
Recalling Theorem [3.2.4] we easily deduce that S, < C and S, < Cn?. Substitut-
ing (3.64) into (3.63)), together with a change of variables, the result follows. O

The proof of Theorem |3.2.5/is now an immediate consequence of Proposition|(3.3.1

3.4.3 Comments on the lower bound

In the usual symmetric simple exclusion process the correlation function is of
order O(%). Since intuitively one could expect that the presence of the slow bond
increases the correlation between sites which are located both on the positive half-
line or both the negative half-line, the above result does not come as a total sur-
prise.

However, for two sites x and y such that + < 0 < 1 < g, then at first sight it
seems to be a reasonable guess that the correlations decrease, and they should be
at most of order O(2). Yet, our proof yields the same bound as above when one
restricts only to such kind of pairs of vertices (z,y). A natural question therefore
is if a matching lower bound in holds. Since our assumptions on the initial
measure do not exclude the choice of a product Bernoulli measure with constant
intensity, in which case at any time ¢ > 0 the covariance between two distinct
points is zero, such a lower bound certainly cannot hold in general.

Nevertheless, we argue that there are indeed choices of the various parameters
in our model for which |¢}(z,y)| is bounded from below by a constant times logn/n
uniformly in ¢ € [0,7]. We will not provide all the details, yet the gaps can be filled
by an adaptation of the techniques used in Section ??. We choose y,, ~ ®,czBer(p,),
where

{ , ifx <0,
Pz =

. (3.65)
, otherwise.

N T
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Analyzing carefully the proof of Theorem we see that in order to establish
the desired lower bound it is enough to show that there exists a constant ¢ > 0
such that for all ¢ € [0, T

PP (0) = pf (1) = ¢, (3.66)

and that the rightmost local time term in (3.60) is bounded from below by a con-
stant times logn. We only provide a sketch of the argument for the former state-
ment, the latter as mentioned above can be deduced by an application of the tech-
niques developed in Section ??. We note that it is possible to show that

pr0) = > Po[X, =z]pp(z) and pi(1) = > Pi[X, =z]pf(x), (3.67)

TEZ TEZL

where X denotes a random walk with generator nA,,, and for z € Z we denoted by
P, the distribution of X when started in 2. Using that by symmetry P;[X; > 1] =
Py[X: < 0] and P, [X; < 0] = Py[X; > 1], as well as our choice of 1,,, we see that

Pr(0) — pP(1) = i(ﬂ% (X, < 0] — P[X, > 1}) . (3.68)

It is now possible to argue that a random walk that starts at zero, and that is
reflected at zero has a local time of order n up to times of order n? at the origin.
Using a coupling argument one may then show that one can choose o small enough
so that the probability that X, when started at 0, crosses the bond (0, 1) before time
Tn? becomes arbitrarily small. This readily yields that is indeed strictly
bounded away from zero uniformly in ¢t € [0,7], and consequently we obtain a
lower bound that matches the order of the upper bound in (3.15).

Remark 3.4.3. As argued above, at first sight it seems counterintuitive that ¢, (z, y)
is of order logn/n if + < 0 < 1 < y. Yet, an intuitive explanation for that phe-
nomenon could be as follows: given an exclusion particle starting at + < 0, then
up to time say n? there is a strictly positive probability that it will cross the bond
{0,1}, and afterwards it will have interaction with a particle started at y > 1 of
same order as if it had started at a site = > 1.

3.5 Proof of density fluctuations

In this section we prove Theorem We follow the usual procedure to estab-
lish such a result, i.e., first we establish tightness of the sequence of density fields
{/':t € [0,T]},en and afterwards we characterize the limit. Before proceeding,

we introduce in the next subsection some martingales associated with the density
fluctuation field defined in (3.20).

3.5.1 Associated martingales

Fix a test function f € S,(R). By Dynkin’s formula,
t
M) = Y20 =350 = [ e, +0) V() ds (3.69
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is a martingale with respect to the natural filtration 7, = o(n,s < t). Our aim is
to write this martingale in a more suitable form. Recall (3.3). Performing simple
calculations,

WLYNf) =
— n? ZE B %sz(y)(nf’“l(y) — ) - = yezzf(%)(ns(y) ~ ()]
-2 ten{ @ [£E) — 70|+l + 0[£(2) - F=)] )
= m{enre - @) e 15 - 1) e
= %ﬁtzznmnf(%)m(x),
where the operator A, has been defined in (3.11). Recalling we get that
D VIf) = =37 F(2)pl(0) =~ 3 02 Af(2)pl (). (3.70)

TE€Z T€Z
Combining the previous equalities, we see that
M(f) = V)~ V(1) - / SRR A (27 ) ds. (3.71)
0 TEZ

Adding and subtracting the term fot YI(A.f)ds, we can rewrite the martingale
M;(f) as

t
M) = YPUf) - Yo(f) — / V' (Aaf)ds — RI(S). (3.72)
where

- [ S {r @) - @an ) e s

The next lemma allows us to control the error term R}(f) defined in the previous
display, which is obtained by replacing the discrete operator A, defined in (3.11)
by the continuous Laplacian A, defined in (3.8).

Lemma 3.5.1. For any f € S,(R), almost surely there exists a constant ¢ > 0 such
that for all t € [0,T] and all n € N the estimate |R}(f)| < \j—% holds.

Proof. We begin by splitting R}(f) as the sum
t
1

R = [ =3 A - @@l e
0 20,1
+/0 %{n%&lnf(%)—(Aaf)(%)}ﬁs(o) ds (3.74)
+ [ =) - @@ s 3.75)
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We begin by dealing with (3.73). Recall that f € S,(R) and note that |7j,(z)| < 2.
Thus, taking advantage of the fact that for = ¢ {0,1}, the term n?A, f(%) is the
discrete Laplacian, and applying a Taylor expansion up to second order with the
Lagrangian form of the remainder, we see that is bounded by

=3 [0+ () + L]

20,1
- [%f’(%) - @)+ ) - e
rew) i)y

3'n5

\/_ 2 ’

20,1

where 19*( ) € [£, 2] and ¥ (%) € [, Z]. Since f” is integrable, we conclude
that (8.73) is of order O(tn~°/?), and vanishes as n tends to infinity. Since A,f is
bounded we can see that the sum of (3.74) and (3.75) is equal to

/ot;ﬁ{ At () <0>d5+/tﬁ{ 2Anf (2) }.(1) ds

plus a term of order O(\/iﬁ) Applying the definition of A,,, the expression above is
equal to

[ 200 - @)+ (16 - 1) o
# [ B (@) - 1) + (1) - 1) s

and we can see that the absolute value of expression above is bounded by
il |a(F(2) = £(9) +n(r(5h) - £ (8
Fla(r@) 1) +n(r) - 1)}

Since f € S.(R), we have the boundary conditions a(f(0") — f(07)) = 9,f(07)
= 0,f(07) and also that f is left continuous at zero, hence

(3.76)

= —[f0%) = f07)] + 00 /m).
D] = s +oa/m),

which permits to conclude that (3.76) is of order O(\/Lﬁ), finishing the proof. O

)

n[F(5) = £(8)] = ~0uf(07) + 0 /n).
)
(

Now we study the convergence of the sequence of martingales {M}(f) : ¢t €
[0, 7]} nen- This is the content of the next lemma.
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Lemma 3.5.2. For any [ € S.(R), the sequence of martingales {M}(f) : t €
[0,T]}nen converges in distribution under the topology of D([0,T],R), as n — oo,
to a mean-zero Gaussian process {M,(f) : t € [0,T]} of quadratic variation given

by
)e = / /2x ps(1)(Vaf(u))? duds

v L%«>)@-—p40+»-+pxo+x1——p40*» V(07 ds

0

(3.77)

Proof. The proof of this lemma consists on applying [15, Theorem VIII.3.12, page
473]. According to that theorem, we have to check:

i) condition (3.14), defined in [15], page 474],
ii) condition [35-D], defined in [15, 3.4, page 4701,
iii) condition [5-D], defined in [15] 3.3, page 470].

By [15, Assertion VIIL.3.5, page 470], both conditions [§5-D] and (3.14) are a
consequence of

lim Eun[sgp‘/\/l’;( £) = M ( f)\] ~ 0. (3.78)
n—o00 s<t

To show (3.78), note that only two sites of the configuration n change its values
when a jump occurs. Therefore,

s;g)‘/\/l -~ ML(f)] = Sslg)’y — V()] < V.

leading to (3.78). It remains to check Condition [v5-D], i.e., the convergence in
probability of the quadratic variation of M,(f), which is given by

W = [ ey - L] ds

After some elementary computations, the right hand-side of the display above can
be rewritten as

'
z#0 (3.79)

which is an additive functional of the exclusion process 7;. It is almost folklore
in the literature that Theorem together with a suitable Replacement Lemma
and standard computations yield that converges in distribution to the right
hand-side of as n — oo. Since this is not the main issue of the proof, and
since such a Replacement Lemma under the slow bond’s presence has been studied
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in previous works (as in [7, Lemma 5.4] for instance), we do not present the proof
of this result with full details, but only a sketch instead.

By a Replacement Lemma we mean a result allowing to replace the time inte-
gral of the occupation number 7,(z) by an average on a box around z. The only
difference with respect to the usual Replacement Lemma (see [18]), is the fact that
we should avoid an intersection between this box and the slow bond in our setting.
Hence, we define

(. x+i—1
1

ZZn(y), forx > 1,
n'(z) = -
for x <0,

| —
3
~—~
<
S~—

\ y=z—(+1
which is related to the side limits appearing in (3.77). Taking into account these
definitions, the fact that 7,(x)?> = n;(x), and the boundary condition of f at zero,
one can show that the limit in distribution of is in fact the right hand-side
of (3.77).

Since the right hand-side of is deterministic, the convergence in distri-
bution implies the convergence in probability, and this finishes the proof of the
lemma. ]

3.5.2 Tightness

Let S be a Frechét space (see [23]] for a definition of a Frechét space) and denote
by &’ its topological dual. We cite here the following useful criterion:

Proposition 3.5.3 (Mitoma’s criterion, [21]). A sequence of processes {z;;t €
[0, T]}nen in D([0,T],S’) is tight with respect to the Skorohod topology if, and only
if, the sequence {x;(f);t € [0,T)},en of real-valued processes is tight with respect to
the Skorohod topology of D([0,T],R), for any f € S.

Since S,(R) is a Frechét space (see [8]), tightness of the density field is reduced
to showing tightness of a family of real-valued processes. For that purpose, let
f € S4(R). Since the sum of tight processes is also tight, in order to prove tightness
of {VI'(f) : t € [0,T]},en it is enough to prove tightness of the remaining processes
appearing in (3.72), namely { YV} (f) }nen, {fOt Vi(Auof)ds:t e [0,T]} nen, {MP(f) : t €
0,7} nen and {R}(f) : t € [0,T]}nen. We deal with all of them separately.

Observe that

Eo[(500) ] = =P + 2 3 1(5) (L) estew)

is bounded. As a consequence of Assumption (B) in Theorem the sequence of
initial conditions ) converges, therefore it is also tight.

By Lemma the sequence of processes {R}'(f) : t € [0,T]},en is negligible,
thus it is tight.

By Lemma [3.5.2| the sequence of martingales {M}(f) : ¢ € [0,7]},en converges,
hence it is tight as well.
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It remains to prove tightness of the integral terms { fot VH(ALf)ds:t €0, T]}nen-
At this point we invoke Aldous’ criterion:

Proposition 3.5.4 (Aldous’ criterion). A sequence {z} : t € [0,T]}.en of real-valued
processes is tight with respect to the Skorohod topology of D([0,T],R) if:

i) lim limsup IP’( sup |z7| >A> =0,

A—+00  pteo 0<t<T

ii) foranye >0, hm limsup sup sup P(|z},, — 2| >¢) = 0,
-0 no+tco A TETT

where Tr is the set of stopping times bounded by T.

We first check the first item of Aldous’ criterion. By the Cauchy-Schwarz in-
equality,

[sup /y” Auf)ds)]

<71 / [ (5 X A/ o) - prto) J s

Observe that the right hand-side of the display above is bounded by 72 times

% > (Aaf(%)) sup x(p (¢ Z Aaf(3)Acf (L) sup ¢f(z,y), (3.80)

v t<T x<y t<T

where x(p?(z)) was defined above and 7 (z,y) is given in Definition[8 Since
f € S.(R), the first term in (3.80) may be easily shown to be bounded in n. As for
the second term the estimate provided by Theorem [3.2.5|is unfortunately not quite
enough. Yet, Proposition |3.4.2/in combination with Proposition(3.3.1{show that for
some constants ¢;,c; > 0 that do not depend on ¢, and (z,y) we have that for all

neN,
Cs Tn?

ey < S+ 2 Py (XY = (0,1)] ds, (3.81)
0

n

where {(X;,Y;); ¢t > 0} is defined in Subsection [3.3.1] Plugging the first term on
the right hand-side of the display above into the second term in (3.80) gives the
desired estimate. To deal with the second term on the right hand-side of we
use the fact that by we can estimate the integral term from above by

Y / e, (XY = 2] s, (3.82)
2eA V0

where (X,Y) denotes simple random walk on Z? jumping at total rate 2, A denotes
the set {(0,1),(1,1),(0,0),(1,0)}, and ¢ € (0,+00) is some constant. Plugging this
into the second term in (3.80), and using the reversibility of (X,Y’) we see that we
obtain a term that is bounded from above by a constant times

E5 9 AW

z€A

] ds. (3.83)
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Since [A, f(2)A, f(¥£)] is uniformly bounded in 2 and y we finally obtain that
is bounded by a constant, which implies condition i) of Aldous’ criterion via Cheby-
chev’s inequality.

We now check ii). For this purpose, fix a stopping time 7 € 7. By Chebychev’s
inequality and repeating the argument above, we have that

(| [ e >2) < Gme ([ orana)] <

which vanishes as 6 — 0, and yields tightness of the integral term, and concludes
therefore the proof.

3.5.3 Uniqueness of the Ornstein-Uhlenbeck process

The existence of the Ornstein-Uhlenbeck process solution of is a conse-
quence of tightness proved in Subsection [3.5.2. This subsection is devoted to the
proof of uniqueness of this process, as stated in Proposition The guideline is
mainly inspired by [14) [18].

In the proof of Proposition we make use of the following result, which is a
standard fact about local martingales.

Proposition 3.5.5. If M, is a local martingale with respect to a filtration F; and

E[ sup |M3]} < +o0 (3.84)

0<s<t
for any t > 0, then M, is a martingale.

Proof. Let 7,, be a sequence of stopping times such that 7,, — oo as n — oo and such
that the stopped process (M;, ):>0 is @ martingale for each n. Let s < ¢, it then
follows that for any A € F,,

E[Mt/\rn]-A] = E[Ms/\'rn]-A] .

Letting n — oo, using (3.84) and the Dominated Convergence Theorem, we con-
clude that

E[M1,] = E[M14],

thus finishing the proof. [

Proof of Proposition[3.2.7} Fix f € S,(R) and s > 0. Recall the definition of the

martingales M, (f) and N;(f) given in (3.17) and (3.18)), respectively.
We claim that the process {X;(f) : t > s} defined by

X;(f) = p{; / Va2 dr i (D4() D) - / tyrmaf)dr)}
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is a (complex) martingale. By [24, pp. 148, Proposition 3.4] it is immediate that
X;(f) is a local martingale. Therefore, if we show that

E[ sup ]Xj(f)@ < +o0, (3.85)

s<u<t

then, by Proposition we conclude that X (f) is a martingale. But isa
simple consequence of the fact that the function ¢ — 1 fot |Vaf ||is(-)d3 is continuous,
hence bounded on compact sets. Therefore, the claim is proved.

Fix S > 0. We claim now that the process {Z; : 0 <t < S} defined by

1 t
28 = ew {5 [ IVaTE S dr+ i3 )}

is also a martingale. To prove this second claim, consider two times 0 < ¢; < t, < §
and a partition of the interval [t1,{,] in n intervals of equal size, that is, t; = sy <
$1 < -+ < s, =ty, with s;41 — s; = (t3 — t1)/n. Observe now that

n—1 nt i
N . 1 Sj+1 o
[[xo,. T80 = exp { > .5 / IVaT§ s, 1 ds
j=0 =0
4 n—1 Sj+1
+1 Z (ysjﬂ(Tg—ij) - ij (Tg—sjf) N yr(AaTg_sjf) dr) ‘
j=0 N

Due to smoothness of 7} f, the first sum in the exponential above converges to

1 (™
R

t1

2
pa() AT,

as n — +oo. The second sum inside the exponential is the same as

ytz (Tg,t2+%f> - ytl (Tg—t1f>

Sj+1

n—1
+ Z (ysg (Tg—SJ‘,lf - Tg—sjf) - yT<AaTSa—8jf) dr) ‘
7j=1

Sj

Since Y € C([0, 7], S.(R)), since T} f is continuous in time and applying the expan-
sion T2 f — TP f = eAJTS f + o(e), one can show that the almost sure limit of the
previous expression is V;,(T¢_, f) — Vi, (T§_,, f), see [8, [10] for more details. We
have henceforth deduced that

n—1

Jim T, (72 6)
=0

1 [ ' N N
= eXp {5 / HVQTSafer,?)S(-) dr + Z(th (TSftgf) - ytl (TS—tlf)) } = Z .

t1
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Since the complex exponential is bounded, the Dominated Convergence Theorem
ensures also the convergence in L!. Thus,

n—1

Z : s a
1 _]:0

n—-+00

for any bounded function g. Take g bounded and F;,-measurable. For any f <
S.(R), the process X;(f) is a martingale. Thus, taking the conditional expectation

with respect to F;, _,, we get
n—1 n—2
E[g HX§;+1 (Tgf—sjf)i| = E|:g HX::]]+1 (Tg—sjf) :
j=0 Jj=0

By induction, we conclude that

E[gg—i] = Elg],

for any bounded and F;,-measurable function g. This assures that {Z; : t > 0} isa
martingale. From E[Z,|F,| = Z,, we get

e {3 [ 1925 1 dr+ DT80} ]

1 [ o
= e {5 [ IVaT5 S dr + 1 DUTS0) )
0
which leads to
: 1 ! o : o
B[ewp {i0UT5. )} 7] = exp{ =5 [ I8, I, dr+ 10750}
Choosing S =t and replacing f by \f, we achieve

E[ep {IA0(N}|F] = e -2 / VLT A g dr DT

meaning that, conditionally to F,, the random variable );(f) has Gaussian distri-
bution of mean Y, (77, f) and variance [ ||V, 72 f 12,0 dr

We claim now that this last result implies the uniqueness of the finite dimen-
sional distributions of the process {),(f) : ¢ € [0,7]}. For the sake of clarity,
consider only two times, ¢, = 0 and ¢; > 0, two test functions f, f; € S,(R) and two
Lebesgue measurable sets Ay and A;. By conditioning,

]P’[ytl(fl) € Ay, Vi (fo) € Ao} = E[E[l[ytl(fl)emﬂfo] : [1[yt0(fo)er]H :

Since the conditional expectation E[1y, (f,)ea,] | Fo] is a function of Y, (f1) and Y,
is uniquely distributed as a random element of S/ (R) (by assumption ii) of Propo-
sition [3.2.7), we get that the distribution of the vector (Y, (f1), Vi (fo)) is also
uniquely distributed. The generalization for a general finite number of times is
straightforward.
This proves the claim, implying the uniqueness in law of the random element
Y and hence finishing the proof.
]
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3.5.4 Characterization of limit points

From the results of the previous subsection we know that the sequence {)" :
t € [0,T]}nen has limit points. Let {); : ¢ € [0,7]} be the limit in distribution of
{ : t € [0,T]},en along some subsequence n;, considering the uniform topology
of D([0,7],S.(R)). Abusing of notation, we denote this subsequence simply by n.
Our goal here is to prove that {), : t € [0,T]} satisfies the conditions i) and ii) of
Proposition Since Proposition gives us condition ii), it only remains to
prove condition i).

For f € S,(R), let M; and N, be the processes defined by

MAT) = 94 -3 - | V(Baf)ds

Ni(f) = (M) - /O IVafI2 ) ds

Since )] is assumed to converge in distribution to ); as n — +oo, by and
Lemma we conclude that M,(f) defined above coincides with the limit of
M (f) as in Lemma 3.5.2 which was denoted by M,(f) as well.

By Lemma [3.5.2) we already know that M,(f) has quadratic variation given
by [ | Vaf 12 () ds. Therefore, if we show that M,(f) is a martingale, then we will
1mmed1ately get that N;(f) is also a martingale.

Hence, we claim that M,(f) is a martingale. First of all, we fix the filtration,
which will be the natural one: F;, = {0(V;(g)) : s <t and g € S,(R)}. Thus, M,(f) is
Fi-measurable. The fact that M,(f) isin L' for any time ¢ € [0, T] is a consequence
that M,(f) is a Gaussian process, which was proved in Lemma Thus, if we
prove that

E[M:(f)1v] = E[M(f)1y], YU € F;, (3.86)

we will conclude that M,(f) is a martingale. To assure (3.86) it is enough to verify
it for sets U of the form
k

U = ()[Valf) € Al

=1

for 0 < s1 <--- < s, <3, f; € So(R) and A; measurable sets of R. Since M}(f) is a
martingale,

E[M(f)1y,] = E[MY(f)1y,], YUEF., (3.87)

where
k
= [ [Vi(f) € Al
=1

for 0 < s; <--- < s <s, f; € Su(R) and A; are measurable sets of R. Therefore, in
order to show it is enough to prove the claim that the expectations in (3.87)
converge to the respective expectations in (3.86).

Since V/'(f) converges to ),(f) as n — +oo, which is concentrated on continu-
ous paths, then M} (f)1y, converges in distribution to M,(f)1y. Thus, by [3, pp
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32, Theorem 5.4] in order to get convergence of expectations, it is enough to assure
that {M}(f)1y, }nen is a uniformly integrable sequence. In its hand, the uniform
integrability can be guaranteed by showing that the L? norm of M?(f)1y, is uni-
formly bounded in n € N. Since the indicator function is bounded by one, we can
deal only with the L? norm of the martingale M?( f). Now, applying the Minkowksi

inequality to (3.71), we get
E,, [(M; (D) <E.[00()] + B, [(5(0)]

+E( / LY s @) O

TEL

The first term on the right hand-side of (3.88) is bounded by
1 2
LS ) M)+ 2 S FE ).
XEL x<y

Since |p}(z)| < 1, the first parcel in the display above is uniformly bounded in n.
To treat the second term of the last display, we use a similar argument to the one
used below (3.80). The second term on the RHS of (3.88) is bounded by

LS U@ @) + 2 S FE (D),

TEZ oc<y

which is uniformly bounded on n € N due to conditions (3.13) and (3.14). Again by
a similar argument to the one presented for tightness below (3.80), the third term
on the right hand-side of (3.88) is bounded by ¢? times

=D (F(2) sup x(pf (x Zf n)SUp 2} (2, 4)

€L t<T m<y t<T

thus concluding the characterization of limit points.

3.6 Auxiliary results on random walks

The next result is quite classical, but hard to find in the literature. It is included
here for sake of completeness.

Proposition 3.6.1. Let X be the symmetric simple one-dimensional continuous
time random walk. Then,

t
/P[sto}ds < eVt
0

where ¢ > 0 is a constant which does not depend on t.
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Proof. Let N := Ny, a Poisson distribution with parameter 2s.

P[X, =0] = i]P)[Xk =0|N =k] -P[N = k|

" (3.89)
—2s 1 k
=e +kz_;1[kiseven]? ( ]{3/2 )P[N:k’]

% 1 I
+ Z l[kiseven}ﬁ ( k)/2 )P[N = k’]

k=|s]+1

Using the Stirling Formula (seefor example Feller, Vol 1.), it is easy to check that

1 k 1
?(m) < =< (3.90)

Applying the second inequality of (3.90) in the first sum of (3.89) and the first
inequality of (3.90) in the second sum in (3.89), we obtain that P[X, = 0] is bounded
from above by

e L P[N < [s]] +—= PIN=k < e +P[N<|s]]+—=. (391

In the sequel, we will get an exponential bound IP’[N < |s] } by a standard large
deviations technique. In this way, note that, for any 6 > 0,

PN <|s = E[1ycge?Me ™™ ] < P E[1yege ™
[N<s] [N<s]

< e@sE[(?fHN] — 698628(6_971) — 65(26_972+9)

Denote f(0) = 2¢7% — 2 + 0 and note that f assumes its minimum at 6, = log2 > 0,
and f(6y) = log2 — 1 < 0. Therefore, choosing 6 = 6,, we get

]P)[N < |_SJ ] < es(logQ—l).
Looking at (3.91) and then to (3.89), we conclude that

P[X,=0] < e 4elos2 D L

NG

Integrating, we get

t t
0 0 \/g

for some constant ¢, not depending on ¢.
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Proposition 3.6.2. Let (X,Y) be the symmetric simple two-dimensional continu-
ous time random walk. Then,

/tp[(xs,m):(o,oﬂds < clogt,

where ¢ > 0 is a constant which does not depend on t.

The proof of the statement above can be adapted from the one of Proposi-

tion

3.7 Fluctuations at the initial time

Proposition 3.7.1. Let v}, | be the slowly varying Bernoulli product measure as-
sociated with a smooth profile p,. Then, ) converges in distribution to ), where
Vo is a mean zero Gaussian field of covariance given by

EPb @] = [ (o) o) fw)du, (392)

for any f,g € S,(R).

Proof. As argued in Subsection for each f € S,(R), the sequence
{J0(f)},y 18 tight, hence {Iv} _ is tight due to Mitoma’s criterion (Proposi-
tion [3.5.3). Thus, it remains only to characterize the joint limit in distribution
for the vectors of the form (Vo(f1)....,Yo(fx)), with f; € Sa(R), for i = 1,--- k.

Since v, is a product measure,

logEyp () [exp {wyg(f)H = Z logE,n () [exp {% ﬁo(x)f<%> H
=108 [po(2) exp { £ F(2)(1 = po(2)) } + (1= po(2)) exp { = 2L (Z)pn(2)}]

TEL

Since f € S,(R), we have smoothness of f except possibly at = 0, together with
fast decaying. Keeping this in mind, Taylor’s expansion on the exponential func-
tion permits to conclude that the expression above is equal to

“2n ZF(Z)X(M)( ) +0(%),

which gives us that

lim log By ) | exp {i05()}] = —§ / x(po(u)) £3(u) du

n—-4o0o

Replacing f by a linear combination of functions and then applying the
Cramer-Wold device, the proof ends. ]
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