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PHASE TRANSITION OF A HEAT EQUATION
WITH ROBIN’S BOUNDARY CONDITIONS
AND EXCLUSION PROCESS

TERTULIANO FRANCO, PATRICIA GONCALVES, AND ADRIANA NEUMANN

ABSTRACT. For a heat equation with Robin’s boundary conditions which de-
pends on a parameter a > 0, we prove that its unique weak solution p®
converges, when « goes to zero or to infinity, to the unique weak solution of
the heat equation with Neumann’s boundary conditions or the heat equation
with periodic boundary conditions, respectively. To this end, we use uniform
bounds on a Sobolev norm of p® obtained from the hydrodynamic limit of the
symmetric slowed exclusion process, plus a careful analysis of boundary terms.

1. INTRODUCTION

Scaling limits of discrete particle systems is a central question in statistical me-
chanics. In the case of interacting particle systems, where particles evolve according
to some rule of interaction, it is of interest to characterize, in the continuum limit,
the time trajectory of the spatial density of particles. Such limits are given in terms
of solutions of partial differential equations, and different particle systems are gov-
erned by different types of partial differential equations, with a large literature on
the subject. As a reference, we cite the book [7].

In this work we are concerned with convergence of solutions of a particular
partial differential equation emerging from particle systems that we describe as
follows. Given « > 0, denote by p® the unique weak solution of the heat equation
with Robin’s boundary conditions given by

Op(t,u) = Ap(t,u), t>0,ue(0,1),
Oup(t,0) = Oup(t,1) = a(p(t,0) — p(t, 1)), t>0,
p(0,u) = po(u), u€(0,1).

Such an equation is related to a particle system with exclusion dynamics (see [3,4])

in a sense which will be precise later. We notice that the boundary conditions of

Robin’s type as given above mean a passage of mass between v = 0 and u = 1.

These boundary conditions arise from considering the particle systems evolving on

the discrete torus. Moreover, they reflect Fick’s Law: the rate at which the mass

crosses the boundary is proportional to the difference of densities in each medium.
The main theorem we present here is the following convergence in L?:

lim p® = p° and lim p% = p*>,
a—0 a— 00
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2 T. FRANCO, P. GONCALVES, AND A. NEUMANN

where p? is the unique weak solution of the heat equation with Neumann’s boundary

conditions

Op(t,u) = Ap(t,u), t>0,ue(0,1),

Oup(t,0) = Oup(t,1)=0, t>0,

p(0,u) = po(u), u€ (0,1),
and p*° is the unique weak solution of the heat equation with periodic boundary
conditions

Op(t,u) = Ap(t,u), t>0,ueT,
{pm,u) = po(u), uwer,

where T above is the continuous torus. The outline of its proof is the following.
Based on energy estimates coming from the particle system, we obtain that the set
{p®; a > 0} is bounded in a Sobolev type norm, implying its relative compactness.
On the other hand, a careful analysis shows that the limit along subsequences of
p® are concentrated on weak solutions of the corresponding equations, when «
goes to zero or to infinity. Uniqueness of weak solutions in each case ensures the
convergence.

When « goes to zero or to infinity, the corresponding limits of p® are driven by
solutions of partial differential equations of a different kind from the original one.
For this reason, we employ the term phase transition. To the best of our knowl-
edge, this type of result is not a standard one in the partial differential equations
literature, without previous nomenclature on it.

One of the novelties of this work, besides the aforementioned theorem, is the
approach itself: it is used here in the framework of probability theory to obtain
knowledge on the behavior of solutions for a class of heat equations with Robin’s
boundary conditions as given above.

Next, we describe the particle system which provides the bounding on a Sobolev
type norm for p®. This particle system belongs to the class of Markov processes
and evolves on the one-dimensional discrete torus with n sites. The elements of
its state space are called configurations and are such that at each site of the torus,
there is at most a particle per site; therefore it coined the name exclusion process.
Its dynamics can be informally described as follows. At each bond of the torus is
associated an exponential clock in such a way that clocks associated to different
bonds are independent. When a clock rings at a bond, the occupations at the
vertices of that bond are interchanged. Of course, if both vertices are occupied or
empty, nothing happens. All the clocks have parameter one, except one particular
bond, whose parameter is given by an~?, where o, 8 > 0. Or else, this bond slows
down the passage of particles across it. It is the existence of this special bond that
gives rise to the boundary conditions of its associated partial differential equation.

For g = 1, the hydrodynamic limit of this exclusion process is a particular
case of the processes studied in [4]. There, it was proved that the hydrodynamic
limit is driven by a generalized partial differential equation involving a Radon-
Nikodym derivative with respect to the Lebesgue measure plus a delta of Dirac.
As an additional result, we deduce here another proof of this hydrodynamic limit,
identifying p® as a solution of a classical equation, namely the heat equation with
Robin’s boundary conditions as given above. Furthermore, by the results proved in
[Bl4], we get that p™ has a Sobolev type norm bounded by a constant that does not
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PHASE TRANSITION OF A HEAT EQUATION 3

depend on «. Such a constant corresponds to the entropy bound of any measure
defined in the state space of the process with respect to its invariant measure.

We point out that, despite knowing the hydrodynamic limit for this process,
this different characterization of the limit density of particles, given in terms of a
classical partial differential equation, is new. The most delicate step in the proof
of the last result is the proof of uniqueness of weak solutions of the heat equation
with Robin’s boundary conditions, requiring the construction of an inverse of the
laplacian operator acting on a suitable domain.

The motivation of this work came from [3] where the hydrodynamic limit for the
exclusion process with a slow bond was shown to be given by the heat equation
with periodic boundary conditions or the heat equation with Neumann’s boundary
conditions, depending whether 8 < 1 or 8 > 1, respectively. This suggested to us
that, when taking the limit in « in the partial differential equation corresponding
to 8 = 1, one should recover both these equations.

The paper is divided as follows. We give definitions and state our results in
Section 2l In Section[3] we prove uniqueness of weak solutions of the heat equation
with Robin’s boundary conditions. In Sectiond, we introduce the exclusion process
with a slow bond, we state and sketch the proof of its hydrodynamic limit and we
obtain bounds on a Sobolev type norm of p®. In Section Bl we prove our main
result, namely the phase transition for the heat equation with Robin’s boundary
conditions. In the Appendix, we present some results that are needed in due course.

Notation. We denote by T the continuous one-dimensional torus R/Z. By an abuse
of notation, we denote by (-, -) both the inner product in L?(T) and in L2[0, 1], and
we denote by || - ||£2[0,1) its norm. We denote by 14(z) the function which is equal
to one if z € A and zero if © ¢ A and by A the second space derivative.

2. STATEMENT OF RESULTS

In this section, we begin by defining weak solutions of the partial differential
equations that we deal with, namely the heat equation with periodic, Robin’s and
Neumann’s boundary conditions. In the sequence, we present the exclusion process
with a slow bond, we explain its relation with those equations, and how to obtain
from it the boundedness of a Sobolev type norm of weak solutions of the heat
equation with Robin’s boundary conditions. At last, we state our main result.

Definition 1. For n,m € N and A, B intervals of R or T, let C™"™(A x B) be the
space of real valued functions defined on A x B of class C™ in the first variable and
of class C"™ in the second variable. For functions of one variable, we simply write

C(A).

Now, we define weak solutions of the partial differential equations that we deal
with.

Definition 2. Let pp : T — [0, 1] be a measurable function. We say that p is a
weak solution of the heat equation with periodic boundary conditions

(2.1) { Op(t,u) = Ap(t,u), t>0,ueT,
) p(07u) = PO(U)7 u € Ta

if p is measurable and, for any ¢ € [0,7] and any H € C*2([0,T] x T),

t
(2'2) <pt7 Ht> - <p0a HO> _/ <psv O0sHy + AHS> ds = 0.
0
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4 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Above and in the sequel, a subindex in a function means a variable, not a deriv-
ative. For instance, in the above by Hg(u) we mean H(s,u).

To define a weak solution of the heat equation with Robin’s or Neumann’s bound-
ary conditions it is necessary to introduce the notion of Sobolev spaces.

Definition 3. Let H! be the set of all locally summable functions ¢ : [0,1] — R
such that there exists a function 9,¢ € L?[0, 1] satisfying

<8UG7 §> = _<G7 8u€> )
for all G € C°°(0, 1) with compact support. For ( € H!, we define the norm

) ) 1/2
Icliper = (ICHE 20, + 10uC Eeon)) -
Let L2(0,T;H') be the space of all measurable functions ¢ : [0,7] — H! such that
T
€z = [ el dt < oo,

Definition 4. Let pp : T — [0, 1] be a measurable function. We say that p is a
weak solution of the heat equation with Robin’s boundary conditions given by

Op(t,u) = Ap(t,u), t>0,ue(0,1),
(2.3) up(t,0) = Oup(t,1) = a(p(t,0) — p(t,1)), t >0,

p(O,u) = po(u), u € (071),
if p belongs to L2(0,T;H') and, for all t € [0, 7] and for all H € C12([0,T] x [0, 1]),

(2.4)

t

(o Hi) = o, Ho) = [ (0 A Y5 [ (0, 0)0,H.(0) = oo (10, H. (1) ds

+ [ alpu(0) = p0)(H0)  H.(1) ds = 0.
0

Definition 5. Let pp : T — [0, 1] be a measurable function. We say that p is a
weak solution of the heat equation with Neumann’s boundary conditions

Op(t,u) = Ap(t,u), t>0,ue(0,1),
(2.5) Dup(t,0) = Bup(t,1) =0,  £>0,
p(0,u) = po(u), u € (0,1),
if p belongs to L%(0, T; H!) and, for all t € [0, T] and for all H € C12([0,T] x [0, 1)),

(2.6)
{pt, Hy)—{po, H0>—/<ps,8SHS+AHS>ds—/(ps(0)5‘uHs(0)—ps(l)(?uHs(l))ds =0.
0 0

Since in Definitions Hl and [l we required that p € L2(0,T;H), the integrals at
boundary points are well defined. For more details on Sobolev spaces, we refer the
reader to [IL/5].

Heuristically, in order to establish the integral equation for the weak solution of
each one of the equations above, one should multiply both sides of the differential
equation by a test function H, then integrate both in space and time and finally,
perform twice a formal integration by parts. Then, applying the respective bound-
ary conditions we are led to the corresponding integral equation. This reasoning
also shows that any strong solution is a weak solution of the respective equation.
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PHASE TRANSITION OF A HEAT EQUATION 5

We define a measure W, on T by
1
(2.7) Wy (du) = du + o do(du),

that is, W, is the sum of the Lebesgue measure and the Dirac measure concentrated
on 0 € T with weight 1/a. We denote by (-, ), the inner product in L? of T with
respect to the measure W,.

Definition 6. Let L, ([0,7] x T) be the Hilbert space composed of measurable
functions f : [0, 7] x T — R with || f||2 := {f, f)a < o0, where for f, g : [0,T]xT —

R,
T
(g = [ [ £.0) .0 Waldu ds.
o Jr
By ((-,-)) we denote the usual inner product corresponding to the Hilbert space
L2([0,T] x T). Or else,

(f,9) = /OT/TfS(u)gs(u) duds.

By abuse of notation, we will use the same notation ((-,-)) for the inner product on
the Hilbert space L?([0,7] x [0, 1]).

Proposition 2.1. For any a > 0, there exists a weak solution p® : [0,T] x [0,1] —
[0,1] of @3). Moreover, such a solution is unique and satisfies the inequality

sup { (", 0,H) = 2(H, H)a } < Ko,
H

where Ky is a constant that does not depend on o and the supremum is taken over
functions H € C%1([0,T] x T); see Definition [l

The uniqueness of weak solutions stated in the proposition above is proved in
Section B via the construction of the inverse of the laplacian operator defined on
a suitable domain. The existence of a weak solution and the inequality above are
proved through the hydrodynamic limit of the symmetric exclusion process with a
slow bond, as shown in Section Ml

We state now our main result:

Theorem 2.2. Let pg : T — [0,1] be a measurable function. For each o > 0, let
p* :[0,T] x[0,1] — [0,1] be the unique weak solution of [Z3)) with initial condition
po. Then,

lim p® = p° and lim p® = p™

a—0 a—»00
in L2([0,T] x [0,1]), where p° and p> are the unique weak solutions of equations

@3) and 2J), respectively, both with initial condition pg.

3. UNIQUENESS OF WEAK SOLUTIONS

We present here the proof of uniqueness of weak solutions of (2.3). Since the
equation is linear, it is sufficient to consider the initial condition pg(-) = 0.

We begin by defining the inverse of the laplacian operator on a suitable domain.
Denote by L2[0,1]*! the set of functions g € L?[0, 1] such that

/Olg(u)du =0.
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6 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Definition 7. Let H* be the space of functions H : [0, 1] — R satisfying

e H € C'([0,1]) and, moreover, the derivative 9, H is absolutely continuous;
e AH(u) exists Lebesgue almost surely and AH € L?[0,1]*%;
e H satisfies the boundary conditions

(3.1) 0, H(0) = 9, H(1) = a(H(0) — H(1)).

In order to obtain the uniqueness of weak solutions, we will construct an inverse
of the laplacian operator. However, the laplacian operator is not injective in the
domain H*. For this reason, let us define Hf as the set of functions H € H* such
that H(0) = 0.

Proposition 3.1. The operator A : H§ — L2[0, 1)1 is injective.

Proof. Since the operator is linear it is enough to show that its kernel reduces to the
null function. For that purpose, let H € Hf be such that AH = 0 Lebesgue almost
surely. Since 0, H is absolutely continuous, this implies that 9, H is constant.

Hence, H(u) = a 4 bu. The unique value of b for which H of this form satisfies
@) is b = 0. Since H(0) = 0 we have that a = 0, thus H is zero. O

For g € L2[0,1]*!, define
1
(809w = [ Galw,r)glr)dr.
0
where the function G, : [0,1] x [0,1] — R is given by
Golu,r) =

ot u(l—r)—(u— T)l{ogrgugl} .

Proposition 3.2. Let g € L?[0,1]*!. The operator (—A);
properties:
(a) (—A);tg € C1([0,1]). Moreover, its first derivative is absolutely continu-
ous.
(1) 0ul(~A)219)(0) = Dul(~A)9)(1) = a([(~A)31g](0) — [(~A)ag)(1)).
(c) (“A);'g € Hg.
(4) (=8)[(=2)7"g] = g.
(e) The operators (—A) : Hg — L2[0,1]* and (=A); Y : L?[0,1]+ — HS are
symmetric and non-negative.

Proof. By the definition of (—A);?

a

1 u u
(a3t = S [ G =nae)ar—u [geyir+ [Crowar.

By differentiation, we obtain

L enjoys the following

1 u
@
1—r)g(r)dr— r)dr,

5 [a=ngmar— [ "o
implying (a). Item (b) follows from the assumption g € L?[0,1]*1. Ttems (a) and
(b) together imply (c). By differentiating again the previous equality and recalling
(c) we are led to (d).

It remains to prove (e). Fix G, H € H§. Integration by parts gives

(~AG, H) = (8,G,0,H) + 8,G(0)H(0) — 8,G(1)H(1).

Bu[(=2); ' gl(u) =
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PHASE TRANSITION OF A HEAT EQUATION 7

Since G, H € H®, these functions satisfy (3.I)). As a consequence,
1
(-AG,H) = (0,G,0,H) + aﬁuG(O)(‘)uH(O),

which implies symmetry and non-negativity of A. The same argument applies for

(—A)1, by item (d). O
Lemma 3.3. Let p be a weak solution of (23). Then, for all H € H® and for all
te 0,17,

t
(3.2) (e H) oo, H) = [ (o M) ds.

0

Proof. Fix H € H*. Let {gn}neN C C([0,1]) be a sequence of functions converging

to AH in L?[0,1] such that fo gn(u)du = 0 for all n € N. Notice that this is
possible because AH has zero mean.
Define

() i= H(0) + D H(0 u—i—//gn ) dr do.

Since g, has zero mean, then 9,G,(0) = 9,G,(1) = 0, H(0) = 9, H(1). Besides
that, G,,(0) = H(0). It is easy to verify that G,, € C1 2([0,T] x [0, 1]); see Definition
il Since p(+) is a weak solution of equation ([23) and G, € C*2([0,T] x [0, 1]), then
we get that

(p1sGa) = (p0sGo) = [ pesga)ds+ [ (0u(0) = p ()0, (1) ds
(3.3) 0 0
+ [ apu(0) = ()0 = Gu1) ds.

We want to take the limit n — oo in the previous equation. To this end, notice
that G, (1) converges to

H(0) + 8, H(0) //AH )drdv .

Since AH is absolutely continuous, the Fundamental Theorem of Calculus can be
applied twice, showing that the previous expression is equal to H(1). Therefore,
taking the limit n — oo in (B3], we obtain that

t

(o) = (oo 1) = [ (o Al a5+ [ (pu(0) = ()07 s
~ [ ol = pu () 110 = 11(1) s

By [B1) the last two integral terms on the right hand side of the previous expression
cancel, which ends the proof. (I

Proposition 3.4. Let p be a weak solution of [Z3)) with po(-) = 0. Then, for all
t €[0,T], it holds that

(3.9 (s (=803 00) = =2 [ {pus ) ds.

In particular, since equation ([23) is linear, there exists at most one weak solution
with initial condition po(-).
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8 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Proof. We first claim that (p, 1) = 0 for any time t € [0,7], if po(-) = 0. This is
a consequence of taking a function H = 1 in the integral equation ([Z4). Since p is
bounded, we have also that p € L2[0,1]*!. Or else, the function p is in the domain
of the operator (—A); 1.

Take a partition 0 = tg < #; < -+ < t, = t of the interval [0,¢]. Writing a
telescopic sum, we get

n—1

(o, (D)2 pe) = (0, (=A)3 00) =D (ptisns (D)2 prss) = (pris (D)3 ot -
k=0

By summing and subtracting the term (py, ., (—A)5 py, ) for each k, the right hand
side of the previous expression can be rewritten as

n—1

Z(ptk+17 (_A);lptk+1> - <ptk+1 ) (_A)(letk>
(3.5) h=0

n—1
+ Z<ptk+17 (_A)glptk> - <ptk7 (_A)(;lptk,> :
k=0

We begin by estimating the second sum above. The first one can be estimated in a
similar way because (—A); ! is a symmetric operator.

From item (c) of Proposition B2l and Lemma B3] we get that
(3.6)

tht1 tht1
<ptk+1’ (_A);lptk> - <ptk7 (_A);lptk> = _/ <Ps; Ps> ds +/ <psaps - ptk> ds.
t

tr k

The sum over k of the first integral on the right side of the last equality is exactly
— Jo{ps; ps)ds.

We claim now that the sum in k of the last integral on the right hand of the
expression above goes to zero as the mesh of the partition goes to zero. To this end,
we approximate p by a smooth function vanishing simultaneously in a neighborhood
of 0 and 1.

Let 15 : R — R be a smooth approximation of the identity. We extend ps(-) as
being zero outside of the interval [0,1]. It is classical that the convolution pg * ¢4
is smooth and converges to ps(-) in L?[0,1] as § — 0. Let ®5 : [0,1] — R be a
smooth function bounded by one, equal to zero in [0,0) U (1 — 4, 1] and equal to one
in (26,1 — 26). Define

po(u) = (ps * i5)(u) ®5(u) .
Then, p3(-) converges to p,(-) in L2[0,1]. Furthermore, since pl(-) is smooth and
vanishes near 0 and 1, it is simple to verify that pS € Hg.

Adding and subtracting p°, the second integral on the right hand side of equality
BE) can be written as

trt1 s trt1 s
/ <pS_pS7pS_ptk>dS+/ <ps7p5_ptk>ds'

tr tr

Fix ¢ > 0. Since p? approximates p, the Dominated Convergence Theorem gives us
that the absolute value of the sum in k of the first integral in the expression above
is bounded in modulus by ¢ for some §(¢) small. Now take § = 6(¢). Since p € Hg,
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PHASE TRANSITION OF A HEAT EQUATION 9

applying Lemma we get that the second integral above is equal to

et s
[ onamiars,
tr Tk

whose absolute value is bounded from above by C(p, §)(tx+1 — tx)?. This is enough
to conclude the proof of ([B4).

Let us now prove the uniqueness of weak solutions. We notice that as above, we
take po(-) = 0, and therefore we want to prove that p;(-) = 0. Since p; € L2[0, 1]+,
by item (e) of Proposition B2l we have that (p;, (—A);'p:) > 0, for all t € [0,T].
From (3.4) and Gronwall’s inequality, we conclude that (p;, (—A);1p;) = 0, for all
t € [0,7]. From item (d), with fixed ¢ € [0,T], there exists f; € HF such that
pi = (—A) ;. Hence,

<Pt, (_A);lpt> = <_Aft7 ft> = <aufta auft> :

Thus, for all ¢ € [0,7T], 0uf:(-) = 0 Lebesgue almost surely. Coming back to
pt = (—A) fi we get that p(-) is equal to zero. This concludes the proof. O

4. HYDRODYNAMICS AND ENERGY ESTIMATES

In this section we introduce a particle system whose scaling limits are driven by
the partial differential equations introduced above. We first describe the model,
then we state the hydrodynamics result and finally we obtain energy estimates
which are crucial for the proof of Proposition 2.1}

4.1. Symmetric slowed exclusion. The symmetric exclusion process with a slow
bond is a Markov process {n; : t > 0} evolving on Q := {0,1}%», where T,, = Z/nZ
is the one-dimensional discrete torus with n points. It is characterized via its
infinitesimal generator £,, which acts on functions f: 2 — R as

Lofm) =D & or [F™™) = F()]

zeT,
being the rates given by

¢n _ an P, if x=-1
zatl 1, otherwise ,

)
z,x+1

and 7 is the configuration obtained from 1 by exchanging the variables n(z)
and n(z + 1), namely

nx+1), if y==,

y) = n(x), ify=z+1,
n(y),  otherwise.

nw,m+1(

The dynamics of this process can be informally described as follows. At each
bond {z,r+ 1}, there is an exponential clock of parameter ;' , ;. When this clock
rings, the value of 7 at the vertices of this bond are exchanged. This means that
particles can cross all the bonds at rate 1, except the bond {—1, 0}, whose dynamics
are slowed down as an™”, with @ > 0 and 8 € [0,0c]. It is understood here that
n~>° =0and co-0=0.

It is well known that the Bernoulli product measures on 2 with parameter v €
[0, 1], denoted by {v]} : 0 <y < 1}, are invariant for the dynamics introduced above.
This means that if 7y is distributed according to v, then 7 is also distributed
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10 T. FRANCO, P. GONCALVES, AND A. NEUMANN

according to v for any ¢ > 0. Moreover, the measures {V,TYL : 0 <~ <1} are also
reversible.

In order to keep the notation simple, we write 7; := 1,2 so that {n; : t > 0}
turns out to be the Markov process on € associated to the generator L,, speeded
up by n2. We notice that we do not index the process either in 3 or in a.

The trajectories of {n; : ¢ > 0} live on the space D(R4, ), i.e., the path space
of cadlag trajectories with values in ). For a measure u, on €2, we denote by ng
the probability measure on D(R, ) induced by p,, and {n; : t > 0} and we denote
by Egﬁ the expectation with respect to Pzﬁ

4.2. Hydrodynamical phase transition. In order to state the hydrodynamical
limit we introduce the empirical measure process as follows. We denote by M the
space of positive measures on T with total mass bounded by one, endowed with the
weak topology. For n € Q, let #™(n,-) € M be given by

ﬂ—n(n’du) = % Z 7)(55) 6x/n(du)v

z€eT,,

where 0, is the Dirac measure concentrated on y € T. For t € [0, 7], let 7}*(n, du) :=

7™ (N, du).
For a test function H : T — R we use the following notation:

(n, H /H Tn,du) = 2> H(E)m(a).

z€T,

We use this notation since for 7y absolutely continuous with respect to the Lebesgue
measure with density p;, we write (p;, H) for (m:, H).

Fix T > 0. Let D(]0,T], M) be the space of cadlag trajectories with values in
M and endowed With the Skorohod topology. For each probability measure p,, on
Q, denote by Q% the measure on the path space D([0,T], M) induced by p,, and
the empirical process 77 introduced above.

In order to state our first result related to the hydrodynamics of this model, we
need to impose some conditions on the initial distribution of the process.

Definition 8. A sequence of probability measures {iu,}neny on Q is said to be
associated to a profile pg : T — [0, 1] if, for every § > 0 and every H € C(T),

(@) dimogfr: [2 Y HE) (@) —/TH(u) poludu] >3] = 0.

n
z€T,,

Now, we state the dynamical phase transition at the hydrodynamics level for the
slowed exclusion process introduce above. We notice that this result is an improve-
ment of the main theorem of [3], since we are able to identify the hydrodynamic
equation for § = 1 as being the heat equation with Robin’s boundary conditions as

given in (23]).

Theorem 4.1. Fiz 3 € [0,00] and let po : T — [0, 1] be a measurable function. Let
{tn}nen be a sequence of probability measures on § associated to py. Then, for
any t € [0,T], for every 6 > 0 and every H € C(T),

ZHﬁnt /H tudu‘>5]=0,

zeT,

lim Pa’ﬂ [

n—oo
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PHASE TRANSITION OF A HEAT EQUATION 11

where:

o if 5€0,1), p(t,-) is the unique weak solution of 2.1));
o if B=1, p(t,-) is the unique weak solution of [23);
o if B€(1,00], p(t,-) is the unique weak solution of ([235)).

Proof. The proof of the last result is given in [3] for 5 € [0,1) and 5 € (1, 00). We
also notice that for 8 = oo, the same arguments as used in [3] for S € (1, o) fit the
case f = oo, and for that reason we also omit the proof in this case.

Finally, for 8 = 1, the proof of the hydrodynamic limit can be almost all adapted
from the strategy of [3] and is the usual in stochastic process: tightness, which
means relative compactness, plus uniqueness of limit points. We recall that the
proof of tightness is very similar to the one given in [3], and for that reason we have
omitted it. Nevertheless, the characterization of limit points is essentially different
from [3], since here we identify the solutions as weak solutions of the heat equation
with Robin’s boundary conditions given in ([Z3]). We proceed by presenting the
proof of the last statement.

Recall the definition of {Qf{:ﬁn}neN. In order to keep notation simple and since
B =1 we do not index these measures nor Pz‘f on . Let Q¢ be a limit point of
{Q5 ... Jnen whose existence is a consequence of Proposition 4.1 of [3] and assume,
without loss of generality, that {Q%%L}HGN converges to QF, as n — co. Now, we
prove that Q¢ is concentrated on trajectories of measures absolutely continuous
with respect to the Lebesgue measure: 7 (t,du) = p(t,u)du, whose density p(t,u) is
the unique weak solution of (2Z3)).

At first we notice that by Proposition 5.6 of [3], Q% is concentrated on trajectories
absolutely continuous with respect to the Lebesgue measure m(du) = p(t,u) du
such that p(t,-) belongs to L2(0,T;H'). It is well known that the Sobolev space
H! has special properties: all its elements are absolutely continuous functions with
bounded variation (see [1]), therefore with well-defined lateral limits. Such property
is inherited by L? (O,T; H1') in the sense that we can integrate in time the lateral
limits.

Let H € C12([0,T] x [0,1]). We begin by claiming that

QY |:lT. : {pe,He) — {po, Hy) — /Ot <ps,85HS + AHS>ds
- /O (ps(o)auHs(O) - ps(l)auHs(l)) ds

+ /Ota(pS(O)—ps(l))(Hs(O)—Hs(l)) ds =0, vte[0,T]] = 1.

In order to prove the last equality, it’s enough to show that, for every § > 0,

t
(pe,Ht) — (po, Ho) — / <p37asHs +AHs>d5
0<t<T 0

Qg lw. : sup

- t ps(0)0uHs(0) — ps(1)0uHy(1) ) ds
/ )

N /Ota(ﬂsm) = 2u(0)) (H:(0) = Hu(1)) ds

>51 =0.
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12 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Since the boundary integrals are not well defined in D([O, T], ./\/l), we cannot directly
use Portmanteau’s Theorem. To avoid this technical obstacle, fix ¢ > 0 and let
te(u) = 119 (u) and 7.(u) = 1 1;_. 1)(u) be approximations of the identity in
the continuous torus. Now, adding and subtracting the convolution of p(¢,u) with
te and 7., we can bound from above the previous probability by the sum of

t
Q(: [W': sup <Pt,Ht> - <pOaHO> - / <psaasHs+AHs>ds
0

0<t<T

_ /Ot ((ps *12)(0)0u Hy(0) — (ps * ZE)(l)auHs(l)) ds

+ / t a((ps 12)(0) = (ps <7)(1) ) (H(0) = Hi(1)) ds

> 5/3],

with the probability of two sets, each one of them decreasing as e — 0, to sets of null
probability as a consequence of convolutions being suitable averages of p around the
boundary points 0 and 1. Now, we claim that we can use Portmanteau’s Theorem
and Proposition A.3 of [3] in order to conclude that the previous probability is
bounded from above by

t
(pes Hy) — (po, Ho) — / (po,0.H, + AHL) ds
0

. o .
lim Qp , [m : sup
n—00 0<t<T

- /t ((ps * La)(o)auHS(O) o (Ps * Z‘E)(l)auHS(l)) s
0

b [ a0~ o 20) (0) - 7)) s

> 6/3].

Although the functions Hy, Hy, OsHs + AHg, (-, 1) and Z.(-,0) may not belong to
C(T), we can proceed as in Section 6.2 of [3] in order to justify the boundedness
of the previous expression. Next we outline the main arguments involved in that
procedure. Firstly, we replace each one of these functions by continuous functions
which coincide with the original ones in the torus, except on a small neighborhood
of their discontinuity points and such that their L°°-norm is bounded from above
by the L°°-norm of the respective original functions. By the exclusion rule, the
set where we compare this change has small probability. Thus, in the presence of
continuous functions, we apply Portmanteau’s Theorem and Proposition A.3 of [3].
After this, we return back to the original functions using the same arguments.
Recall that we consider T,, embedded in T and notice that (7" *¢.)(2) = 7°"(0)

and (7" x7.)(L) = 7" (n — 1), where

len] n—1
. 1 . 1
(42)  77(0)=—> nly) and -1 =— Y 1),
en i~ en

where |u]| denotes the biggest integer smaller than or equal to u. By definition
of @y, and by summing and subtracting the term [y 2L, (77, H,)ds inside the
supremum above, we can bound the previous probability by

t
Py ln. : sup | (my, Hy) — (m(, Ho) — / <W?,85H5>+n2£n<77?, H,)ds
’ 0<t<T 0

> 5/6]
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and

t t
/ n?L,(x", Hs>ds—/ (z", AH,) ds
0 0

0<t<T

IPZ‘" [n. : sup
- / (17 (0)0 Hy(0) = 7" (n = 1)0, H, (1)) ds

+ / toz(ni"(o)—ﬁin(n—l)) (H,0) - Ho(1)) ds | > 6/6].

By Dynkin’s formula, the expression inside the supremum in the first probability
above is a martingale that we denote by M7 (H). A simple computation shows that
M (H) converges to zero in L*(P% ) as n — oo, and then, by Doob’s inequality,
the first probability vanishes as n — oo, for every § > 0. Now we treat the
remaining term. Using the expression for n?L,, (7", H,), we can bound the previous
probability by the sum of

t t "
/()(WS,AHS>ds—/()71—L Z ns(x)Aan(E)ds

x#n—1,0

> 5/18],

Py |fy. : sup
0<t<T

t 15" (0)0u H(0) = 75" (n = )0, Hy(1) ) ds
/ )

Py |fy. : sup
0<t<T

— /Ot (nS(O)VnHS(O) — ns(n — 1)V, Hs(n — 2)) ds| > 5/18]

and

Pe |fy. : sup /Ot a(ni”(O) -7 (n — 1)) (HS(O) — Hs(l)) ds

0<t<T

- [ (10 =t - ) Va1

> 5/18],

where for z € T,

At () = (1 (55) + 11 () - 211 (7))

is the discrete laplacian and

vt () = (1 (52) - 1(3))

n n n

is the discrete derivative. Since H € C12([0,7T] x [0,1]), the discrete laplacian of
H,, namely A,,, converges uniformly to the continuous laplacian of H,, that is,
AH, as n — oo, which is enough to conclude that the first probability is null.

To prove that the remaining probabilities are null, we observe that the discrete
derivative of H, namely V,, Hg, converges uniformly to the continuous derivative,
that is, 0, Hs, as n — oo, and V, Hs(n — 1) converges uniformly to H(0) — Hg(1),
as n — oo, since H € C*2([0,T] x [0,1]). By the exclusion constraint and approxi-
mating the integrals by riemannian sums, the previous probabilities vanish as long
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14 T. FRANCO, P. GONCALVES, AND A. NEUMANN

as we show that

P, [n. o | (10) -~ 1.(0)) 0. (0)
— (" = 1) == 1), H.(1) ds | > 5],
P ln- e, /0 t a{ (775”(0) — 7" (n — 1))

> 9

~ (1 = m(n = D) } (Ho(0) ~ 1, (1)) ds

converge to zero, as € — 0, for all 4 > 0. This is a consequence of Lemma 5.4 of
[3]. O

4.3. Energy estimates. The proof of Proposition 2.1 is a consequence of energy
estimates obtained by means of the symmetric slowed exclusion process introduced
above and it can be summarized as follows.

Firstly, we notice that the existence of weak solutions of equation (2.3)) is granted
by tightness proved in [3] together with the characterization of the limiting measure
Q¢ given above.

Secondly, uniqueness was proved in Section

Finally, to prove the last statement we introduce the next proposition which is
usually denominated by an energy estimate. It says that any limit measure Q¢ is
concentrated on functions with finite energy. Moreover, it says that the expected
energy is also finite. Such a result makes the link between the particle system
{m; t > 0} and the weak solution of the heat equation with Robin’s boundary
condition given in (23).

Proposition 4.2. Let Q% be a limit point of {Q% , }nen. Then,

Eqq [sup {(p. 0.H) — 201, H)af] < Ko

where Ky is a constant that does not depend on a and the supremum is taken over
functions H € C%1([0,T] x T); see Definition [l

Since the proof of this proposition follows the same lines of [3, Subsection 5.2],
it is omitted.

As seen in this section, the measure QY is concentrated in weak solutions of the
heat equation with Robin’s boundary conditions as given in (23]). In Section [3]
the uniqueness of such weak solutions was proved. This implies that the measure
Q% is, in fact, a delta of Dirac concentrated on the unique weak solution of (2.3]).
Denote this solution by p®. By the previous proposition, we conclude that

sup {{(p", 9, H) — 2((H, H)o} < Ko,

where Ky is a constant that does not depend on a and the supremum is taken over
functions H € C'%1([0,T] x T). This proves Proposition 2.1l
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PHASE TRANSITION OF A HEAT EQUATION 15

5. PROOF or THEOREM

Since we proved Proposition 2] from now on, for fixed a > 0, we denote by
p* : [0,T] x [0,1] — [0,1] the unique weak solution of (23). We notice that p®
takes values between 0 and 1 since we imposed the same condition for pg.

Our scheme of proof has the following steps:

In Proposition 5.1} we prove that the set {p® : a > 0} is bounded in L2(0,T;H*).
This guarantees the relative compactness of this set. In Proposition [.2] we prove
that any limit of a convergent subsequence of {p®},ey is in L2(0,T;H!). In
Proposition (5.3 we obtain some smoothness of p® on time, that we need in order
to take limits in a.

The next step will be to analyze separately each term of the integral equation
@) to obtain asymptotic results in « for its terms. Proposition[5.4land Proposition
cover the limit of terms in the integral equation (24) that can be treated in the
same way both for « — 0 and o — co. Proposition and Proposition 5.7 cover
the limit of a integral term for the case a — 0 and o — oo, respectively.

These convergences of the integral terms will show that any convergent subse-
quence of {p* : a > 0} with @ — 0 converges to the unique weak solution of the
heat equation with Neumann’s boundary conditions, and any convergent subse-
quence of {p®*: a > 0} with o — oo converges to the unique weak solution of the
heat equation with periodic boundary conditions. Putting this together with the
relative compactness of the set {p® : a > 0}, the convergence follows.

We first introduce a space of test functions that will be used in the sequel.

Definition 9. The space C. consists of functions H € C%'([0,T] x [0,1]) with
compact support in [0, 7] x (0,1).

Proposition 5.1. The set {p® : a > 0} is bounded in L*(0,T;H?').
Proof. We begin by observing that Proposition 2] implies the inequality
(5.1) {(p®, 0uH)) — 2(H, H)) < Ko,

for all H € C.. This is a consequence of the simple fact that, if H vanishes at a
neighborhood of 0 and 1, then (H, H)) = (H, H)),, for all a > 0.
An application of the Riesz Representation Theorem gives us that

T
sup {(p"0,t) ~ 2(H.H)} = & [ 0w P,
HeC, 0
Aiming to concentrate on the main facts, the proof of the previous equality is
postponed to Corollary of the Appendix.

Provided by the inequality above and recalling that Ky does not depend on «,
we conclude that {p®: a > 0} is bounded in L?(0,T;H?!). O

The boundedness of {p® : « > 0} in L?(0,T; H') implies a compact embedding of
{p®: a > 0}in L?([0,T)x[0,1]). This is a particular case of the Rellich-Kondrachov
Theorem for spaces involving time, that can be found in [8]. To verify it in detail,
we list the exact steps: following the notation of [8, page 271, Subsection 2.2], take
Xo =X =H' X; = L?0,1] and notice that any Hilbert space is reflexive. This
attains the hypothesis of [8, Theorem 2.1, page 271] and corresponds to the case
we consider. By this compact embedding, any sequence {p®" },ecn has a convergent
subsequence in L?([0, 7] x [0, 1]).
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16 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Next, we show that the limit of a convergent subsequence of {p® : a > 0} is in
the space L?(0,T;H*).

Proposition 5.2. If p* is the limit in L?([0,T] x [0,1]) of some sequence in the
set {p*: a >0}, then p* € L*(0,T; H").

Proof. Suppose that p®» converges to p* in L%([0,T] x [0,1]), as n — oo. By
Proposition 1] for each n € N, p®» satisfies (5.1) for any H € C,:

T T
/ <p?",8uH9>ds—2/ <HS7Hs>d5§KO7
0 0

and Ky does not depend either on n or on H. Taking the limit n — oo in the
previous inequality, we get that

T T
/ <p:,8uHs>ds—2/ (Hs, Hy)ds < Ky .
0 0

Replacing H by yH in the previous inequality and then minimizing over y € R
gives that

p:C. =R,
T
H»—)/ (p%, OuHs ) ds
0
is a bounded linear functional. Notice that the set C, is dense in L?([0, 7]

Hence, by the Riesz Representation Theorem, there exists d,p* € L*([0, T]
such that

x [0, 1]).
x|

1))

T T
/ (p7, DuH, ) ds = —/ (@upt, Hy)ds,
0 0

for all functions H € C., which is the same as saying that p* belongs to L2(0,T;H?!).
O

Now, we analyze the integral equation (Z4)). Integrating by parts, it can be
rewritten as

(5.2)

t
(o Hy) — (oG Ho) +/ (Dup?, O,H, ) ds —/ (o0, 0.H, ) ds
0 0

+ / a(p2(0) — p2 (1)) (HL(0) — Ha(1))ds = 0,
0

where 0, p% is the weak derivative of p®. Our goal consists in analyzing the limit,
as a@ — 0 or a — oo, of the terms in the previous equation. Due to boundary
restrictions, the last integral term above is analyzed separately. Moreover, Propo-
sition covers the case a — 0 and Proposition 0.7 covers the case o« — oo. We
begin by showing some smoothness of a weak solution of (Z3]) that will be needed
in order to take limits.

Proposition 5.3. For any H € C**([0,T] x [0,1]), there exists a constant C'5 not
depending on o such that

‘<p?7Ht>_<p?aHS>|§CIJ;|t_S|1/27 VS,tE[O,T].
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Proof. Let H € C12([0,T] x [0,1]). Since p® satisfies the integral equation ([5.2)), it
is sufficient to estimate the absolute value of

t

Ry ::/ (Oup, O H,) dr,
o

Ry :z/ (p%, O-H, ) dr,

Ry = / a(p2(0) — p2(1)) (Hy(0) — Ho(1)) dr

We start by the case o > 1. At first we notice that Proposition [A.6] guarantees
that Rz can be rewritte as

/ 02 (0)(H, (0) — H, (1)) dr

By the Cauchy-Schwarz inequality,

T 1/2
Rl < ([ @uo(0)2dr) 2 lt = o2

Since a > 1, then (H, H))o < {(H, H))1. As a consequence of Proposition 2] the
function p® satisfies

(p"; 0uH)) = 2(H, H))1 < Ko,
for all H € C%1([0,T] x T). Thus, by Proposition [A4] we conclude that

T
| @up0)2ar < s,
0
from where we get that
|Rs| < (8Ko)"?2||H]|oo|t — s|'/2.

Analogously, by the Cauchy-Schwarz inequality, Proposition 21 and Proposition

[Ad
|[R1| < (8Ko)'?2/|0, H [|oc]t — s]'/2.
Finally, Ry can be easily bounded from above by |0, H||co|t — $].

The case a@ < 1 is easier. Since to estimate R; and Ry we did not impose
any restriction on «, it remains to estimate Rs, which is bounded from above by

Al H o]t — s].
To complete the bounds, notice that |t—s| < T"/2|t — s|'/2, which is true because
0<s,t<T. 0

Now, we analyze the limit of the terms in the integral equation (52]) along a
subsequence p®». Provided by the next proposition, we will be able to replace p;™
by its L2-limit in the first, second and fourth terms of the integral equation (5.2).
In fact, we will need to take the limit along a subsequence of «,. However, since
we aim for the uniqueness of limit points, this is not a problem.

IThis is essentially the Fundamental Theorem of Calculus by seeing the unit interval as the
torus. The proof is technical and is postponed to the Appendix.
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18 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Proposition 5.4. Suppose that p®» converges to p* in L*([0,T]x[0,1]), asn — oo.
Then, there exists a function p such that p* = p almost surely and t — (py, H; ) is
a continuous map. Moreover, there exists a subsequence n; such that

«@

hm(ptnja Ht> = <[)ta Ht>7

joroo
for all t € [0,T) and for all H € C*2([0,T] x [0,1]).
Proof. For H € C%2([0,T] x [0,1]) and n € N consider the function
fa( H) :[0,T] = R,
t (pi™, Hi) .

By Proposition 53], the sequence { f,, (-, H) }nen is uniformly Holder, hence equicon-
tinuous. Since |f, (¢, H)| < ||H||co, by the Arzela-Ascoli Theorem, there exists a
subsequence ny, depending on H, such that f,, (-, H) converges uniformly in ¢, as
k — o0, to a continuous function f(-, H).

Since C12([0,T] x [0, 1]) is separable, applying a diagonal argument we can find
a subsequence n; such that the convergence above along nm; holds uniformly in
t, for any function on a countable dense set of C1:2([0,T] x [0,1]). By density,
the operator f(t,-) can be extended to a bounded linear functional in C?([0,1])
with respect to the L? norm, which in turn can be extended to a bounded linear
functional in L?[0,1].

The Riesz Representation Theorem implies the existence of a function p; €
L?[0,1] such that f(t, H) = {p;, H;). Notice that last equality holds for all ¢ € [0, T].
Uniqueness of the limit ensures that p* = p almost surely. (]

We point out that the hypothesis about the convergence in L? in the proposition
above has no special importance. A convergence in another norm would work as
well. The L? norm indeed plays a role on the relative compactness of {p® : « > 0}.

The next proposition allows us to replace p;™ by its limit as n — oo in the third
term of equation (5.2]).

Proposition 5.5. Suppose that p®» converges to p* in L*([0,T] x [0,1]). Then,
for all t € [0,T] and for all H € C*2([0,T] x [0,1]),

¢ ¢
lm [ (Oupl™, O Hs)ds = / (Oups, OuHg ) ds.
Proof. If H € C*2([0,T] x [0,1]), then 8, H belongs to the set C11([0,T7] x [0, 1]).
For this reason, the proof is written in terms of functions belonging to this last
domain.
Fix a time t. Consider first H € C%1([0,T] x [0,1]) compactly supported in
[0,t] x (0,1). In this case,

t t
/ (Dupln, Hy)ds = —/ (o, B,H, ) ds
0 0

because the integrands above vanish for times greater than ¢. Since p®~ converges
to p* in L2([0,T] x [0,1]), the previous equality shows that
t t
lim <8up§‘",Hs>ds:/ (Oups, Hs)ds.
0

n—oo 0
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PHASE TRANSITION OF A HEAT EQUATION 19

The next step is to extend the previous equality to functions without that condition
on the support. Let H € CH1([0,7] x [0,1]) and approximate this function in
L2([0,T) x [0,1]) by a function H® € C11([0,T] x [0, 1]) with compact support in
[0,7] x (0,1) and such that ||H®||c < ||H||co- For § > 0, let us define the function
©°:[0,T] = R as

1, if s€[0,t—0],
Pl =] =5 fseli-a),
0, itselt,T].

Let H(u) := HE(u)¢’(s). Then, H®® € C%([0,T] x [0,1]) and has compact
support contained in [0, ] x (0,1). Hence, from what we proved above,
t

t
(5.3) lim [ (9,p" ,H6‘5>ds—/<8up:,HE’5>ds-
0

n—o0 0

By the triangular inequality,

‘/ ups - ups7 ds‘< ‘/ ups 7H HE dS‘ + ‘/ ups ) H:76>d8‘

’/ ups - Ups7H€6 dS’ + ‘/ upeaHsé H€>d5‘

+ \/ (B3, HE — H.)ds|.
0

We shall estimate each term on the right hand side of the previous inequality. We
start with the first one. By the Cauchy-Schwarz inequality,

1/2 t ) 1/2
| [ mzyas| < ([1oupsias) ([, - wz1 s
0

We notice that by Proposition 21 p*~ satisfies

t t
[ aucuyis—2 [ (G Gy ds < Ko,
0 0

for all H € C, (see Definition @) and any ¢ € [0,7]. This together with Corollary
[A-5] ensures that fo [|0upSm|? ds < 8Ky . Thus,

t 1/2
]/ (Gups, Hy — HE ) ds| < (8[(0)1/2(/ |H — B2 ds)
0 0
By Proposition [5.2] the same holds for p*, i.e., fot |0upz]|? ds < 8Ky, and hence the
previous inequality follows replacing p®» by p*. With this we also estimated the

last term on the right hand side of the previous inequality. Now we estimate the
second term on the right hand side of (.4]). Observe that

‘/t Oupfy, H3? = IS ) ds —\/ / Pl ( ()@6(8)—H§(u)]duds‘
0

:‘/t 6(’5; / Oupa™( (u)duds’
§/ 1p—s4( ’/ Oupd™ (u) HE (u du‘ ds .
0
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20 T. FRANCO, P. GONCALVES, AND A. NEUMANN

By the Cauchy-Schwarz inequality we obtain that

‘/t(aup;‘n, HE® —H§>ds’ S\/g(/T ‘ /1 Oupy™(u) HE (u) alu‘2 ds)1/2
0 o 'Jo

T 1 2 1/2
S\/5||H5Hoo(/ ‘/ Dup () du - ds)

0 0
<V H||oo (8K0)'/2 .

By analogous calculations, we also get the previous estimate replacing p*~ by p*.
Therefore we have also estimated the fourth term on the right hand side of (54)).

Putting together the previous computations, we obtain that the left hand side
of (B4 is bounded from above by

t t 1/2
| [ (@uri = dupi, 170y as | 20850 2{ ([ 18 - 7 Pas) VL
0 0

Employing (&.3)), recalling the definition of H, sending n — oo, and then €,4 to
zero, the proof ends. ([

Finally, in the next two propositions we are able to identify the integral equations
for the limit of p*» when a,, — 0 or a;;, — 00 by treating the last term of the integral
equation (B.2). We start by showing that the limit of p*» when «,, — 0 is a weak
solution of the heat equation with Neumann’s boundary conditions.

Proposition 5.6. Let {a,}nen be a sequence of positive real numbers such that
lim,, 00y = 0. If {p® }nen converges to p* in L2([0,T] x [0,1]), then p* is the
unique weak solution of (2.5]).

Proof. Proposition says that p* € L?(0,T;H'), which is one of the conditions
in Definition

In order to prove that p* satisfies (2.0]), the idea is to take the limit as n — oo
in (52) and to analyze the limiting terms. By the previous propositions, it only
remains to analyze the limit of the last term in the integral equation (&.2)).

A simple computation shows that for ¢ € [0,T],

| [ oz ) = s )0 = B, (0) 5| < a7

Therefore, when a,, — 0, the last integral in (5.2]) converges to zero, as n — 0.
Therefore, replacing p® by p*» in (52) and taking the limit, we conclude that p*
satisfies

t t
(i Hi) = (oo Ho)+ [ (Dupt uHLyds = [ (o1 0. ds = 0,
0 0
for all ¢ € [0,7] and for all H € C*2([0,7] x [0, 1]).

Since p* € L%(0,T;H!), performing an integration by parts in the previous
equation, we get

t
(i Hi) = (oo Ho) = [ (o3, A, + 0.H.)ds
0

- [ w000,17.0) = pi()0, 1. (1)ds =0

for all ¢ € [0,7] and for all H € C*2([0,7] x [0, 1]), concluding the proof. O
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PHASE TRANSITION OF A HEAT EQUATION 21

In the next proposition we treat the last term of the integral equation (B.2I).

Proposition 5.7. Let {ay,}nen be a sequence of positive real numbers such that
lim, ooy = 0. If {p® }pen converges to p* in L?([0,T] x [0,1]), then p* is the
unique weak solution of (Z1)).

Proof. Proposition says that p* € L2(0,T;H"), which is one of the conditions
in Definition @I We shall prove that p* satisfies [2:2)). As before, the idea is to take
the limit as » — oo in (B.2) and to analyze the limiting terms. In this situation,
we take H € C12([0,T] x T), so that (£2) is given by

t

t
(o2, Hy) — {po, H0>+/ <aup;“n,auﬂs>ds—/ (o2, B.H, ) ds = 0.
0 0

By the first statement of Proposition [5.4] and Proposition (5.5, taking the limit as
n — oo in the previous equality, we conclude that p* satisfies

t

t
(s He) = (oo Ho) + [ (0upt 0u.)ds = [ (i, 0.t ) ds = 0,
0 0

forallt € [0,7] and for all H € C12(]0,T]xT). To obtain the integral equation (2.2
from the equation above, invoking Proposition and performing an integration
by parts, we are led to

¢ ¢
/ (Oups, OuHs)ds = lim (Oups™, 0uHs ) ds
0

an—00 [
t t

= lim [ (2", AH,)ds — / (02 (0) = p2* (1)) OuH (b) ds.

Oy, —> OO 0 0

We claim that the previous limit is equal to fot (p%, AHg)ds. At first we prove that
t

ti | (2 (0) = p2" (1) )9 H(0) ds = 0.

Qty—00
By the Cauchy-Schwarz inequality and Proposition [A.G]

[0 - ) ouas < ( [ouo2as) "L ( [@usoras)”

for all t € [0,T]. Without loss of generality, we can assume a > 1. Thus, by

Proposition 2] and the fact that (H, H)), < (H, H)); because a > 1, we arrive at
(o™, 0uH)) — 2(H, H))1 < Ko,

for all H € C%1([0,T] x T). From Proposition [A4]

sup { (" 0.11) —2(H. 1)1} = 5 | {102 1P + @07} s,

where the supremum above is taken over functions H € C%1([0,T] x T); see Defi-
nition [[l Therefore,
! fe4 a 1 1/2 T 2 1/2
(p2(0) = p2 ()DL H.(0) ds < ~(8K0)*( | (0,H,(0))?ds) ",
0

0
forall t € [0,7] and a > 1.
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22 T. FRANCO, P. GONCALVES, AND A. NEUMANN

In order to finish the proof it is enough to show that
t t
lim (pS™, AHg)ds :/ (p%, AHy) ds,

an—00 J 0
which is consequence of the Cauchy-Schwarz inequality. O
Proof of Theorem 221 As mentioned after Proposition 5.1} the set {p® : a > 0}
is relatively compact in L?([0,7] x [0,1]). Therefore, any sequence a,, — 0 has a
subsequence a,; such that p*"i converges to some p*. By Proposition [5.2] Propo-
sition and from uniqueness of weak solutions of (ZX]), we conclude that p* is
the unique weak solution of (Z1). Hence, lim,_,o p* = p*. Analogously, employing
Proposition 5.7 we get that limg,_,o p* = p, where p is the unique weak solution

of 210). O
APPENDIX A. SOBOLEV SPACE TOOLS

Here we prove some results that we have used throughout the paper. Most of
them are suitable applications of the Riesz Representation Theorem for Hilbert
spaces.

Proposition A.1. The set C%'([0,T] x T) is a dense subset of L3y, ([0,T] x T).

Proof. Let H € L3y ([0,T]xT). Then, H € L*([0,T] x T) and H(-,0) € L*([0,T7).
Consider a sequence {H, },en such that for each n € N, H,, € C%!([0,T] x T) with
compact support in [0,7] x (T\{0}) converging in L?([0,7] x T) to H, as n — oo.
Consider also a sequence {hy, }nen, of continuous functions h, : [0,7] — R and
converging in L%([0,7]) to H(-,0), as n — oo. For each n € N, let

Gn(t,u) == Hp(t,u) + hn(t)1_1 1)(u).
Noticing that, for each n € N,
9 (T
1Go = HIE = [Ho — HIP+ = [ (H(6.0) = ha(0)? .
an Jo
the proof ends. ([
Proposition A.2. Let £:[0,7] x T — R be such that

sup { (@ H, ) — w{(H, H)a | < oo,

for some Kk > 0, where the supremum is taken over functions H € C%*([0,T] x T).
Then, there exists a function in L%,Va ([0, T] x T), which we denote by 0,&, such that

(A1) (Qu.6) = ~(I.080 = —(H.0,) — 5 [ m0)D.60) .

for all H € C%'([0,T] x T).

Proof. Following the same arguments as in the proof of Proposition (.2} this is a
consequence of the Riesz Representation Theorem. (I

Remark A.3. The function 9,§ above is indeed the weak derivative of the function
¢ in the usual sense. To see this, notice that, for H € C.,

(0uH, &) = —(H, 0ul)) o = —(H, 0uE)) -
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PHASE TRANSITION OF A HEAT EQUATION 23
Proposition A.4. Let £:[0,7] x T — R be such that
sup { (0uH. &) — r{(H, H)o } < o0,

for some k> 0, where the supremum is taken over functions H € C'%1([0,T] x T).
Then,

sup { (9 H. &) = w(H. H)a} = £ | 0.5 dt
0

(A2) 7 ,

= & [ (10l + L0.80)7) ar,
where the supremum is taken over functions H € C%'([0,T] x T).

Proof. By Proposition [A2] for all H € C%1([0,T] x T),

(A.3) (0uH, &) = r(H, H)o = —(H,0u8)a — #{(H, H))a -

By Young’s Inequality, for all » > 0,
r 1
[(H, 0ul)al < SCH, H)a + 5-(0ut, Oubl)a-
Choosing r = 2k together with (A3]) we get to
T
sup {(OuH.€) — <(H.H)a} < £ [ 10,013 .
H 0

For the reversed inequality, let {H"} ey € C%1([0,T] x T) converging to r 9,¢ in
L3y ([0,T] x T), as n — oo. The constant r € R will be chosen ahead. Thus,

sup {(9uH, &) = (H, H)a } =sup { = (H,0,8)0 — £(H, H)a |
H H
> lim —((H",0u8)a — K(H", H")a

T
(=) [ 0ugilde.
0

_1
2K

Taking r = the proof ends. O

Corollary A.5. Let £ € L*(0,T;H') be such that
sup { (9, H.€) — k(H, H) } < oo,
H

for some k > 0. Then,

T
sup {(2.H.€) ~ nl(H.H) } = & [ lou&iP .
H 0
where the function 0,&; coincides, Lebesque almost surely, with the function 0,&; of

Proposition [A4l Above, the supremums are taken over H € C,; see Definition [

Proof. Since & € L?(0,T;H') and by Remark [A.3] the result is a consequence of
Proposition [A4l O
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24 T. FRANCO, P. GONCALVES, AND A. NEUMANN

Proposition A.6. Let £ :[0,T] x [0,1] — R be such that
Sgp«auH, E) — r{(H, H))o < o0,

for some k> 0, where the supremum is taken over functions H € C'%1([0,T] x T).
Then, t € [0,T] almost surely,

§i(v) = &e(u) = [ )3u§t(2) Wa(dz), Vu,veT,

where 0,¢ satisfies (Ad). In particular, t € [0,T] almost surely

£1(0) -~ &(1) = ~0,6(0).

Proof. A function defined on the interval [0, 1] can be identified, Lebesgue almost
surely, with a function defined in the continuous torus T. It is in this sense that the
function & is understood here. Besides that, the following orientation on T is fixed.
If u,v € (0,1] and w < v, then the integral over (v, u] corresponds to a integral over

(v, 1] U (0, u].
From Proposition [A2] for ¢ € [0, T] almost surely,
(A.4) (OuH, &) = —(H, Oubt)a ;

for all H € C*(T). For u,v € T and n > 1 define f,, : T — R by
~Waollu,u+ )71, if w e [u,u+ 1],
fn(w) = Wa([Uﬂ}—F%Dil, lf w e [’U,’U—F}—L]’
0, otherwise,
and H, : T — R by
Hao) = [ Sl W),
0,z
Notice that since f,, is not a continuous function, then H, ¢ C!(T). However,
approximating f, and H, by continuous functions f¢ : T — R and H:(r) =
/ 0r] JE(2) Wy(dz), respectively, equality (A4 is still valid for f,, and H,.
We claim that H,(r) converges to —1(,.)(r), Wa-almost surely, as n — oo.
Indeed, if u,v # 0, H,(r) converges pointwisely, as n — 00, to —1(, ,](r), which
is equal to —1[, ,)(7), Wa-almost surely.
If uw = 0, then H,(r) converges pointwisely, as n — 00, to —1f,,(r), which is
equal to —1p, .)(r), Wa-almost surely.
If v = 0, then H,(r) converges pointwisely, as n — 00, to —1(,4)(r), which is
equal to —1(,.)(r), We-almost surely. By the Cauchy-Schwarz inequality,

nh—>120<_a“§t’ Hn>a = <6u§t7 1[u,v)>a .

By the definition of f,,, we have that for each n € N,

1
(&> fr)a = m /[v,v+1/n] &t (w) W (dw)

1

- Wallu,u+ 1)) /[u,u+1/n] & (w) W (dw) .
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Sending n — oo in the previous equality, by the Lebesgue-Besicovitch Differen-
tiation Theorem (see [2]) we obtain that (&, fn)a converges W,-almost surely in
u,v € T, to &(v) — &(u), which finishes the proof of the first claim. Finally,

£:(0) =& (1) = lim Oui(w) W, (dw)— —0u&:(0) -

2_}(1]#» [u,v)

APPENDIX B. DISCUSSION ON THE HEAT EQUATION
WITH ROBIN’S BOUNDARY CONDITIONS

In this section we make some connections of the results we obtained here with
respect to a particular case considered in [4]. From that paper, it is known that the
hydrodynamic equation for the slowed symmetric exclusion presented in the case
B =1is given by

op(t,u) = %ﬁp(t,u),
>0 {p(OM = po(u),
d _d

where - is a generalized derivative, with W being a measure given by the sum
of the Lebesgue measure and a delta of Dirac. For the definition of the operator
% ﬁ, we refer to [4] and the references therein. In this paper we found a classical
description of the last equation, namely the heat equation with Robin’s boundary
conditions as given in ([Z3]). Below we make some connections relating the solutions
of these equations.

Firstly, we describe how to get the weak solution of (BJ) from the weak solution
of equation ([Z33)). Adapting from [4] the definition of the set of test functions for

(B)), we have the following definition:
Definition 10. Let 7—[1 be the set of functions H in L*(T) such that for u € T,

(B.2) H(u) = a + /(M] (6+/0U h(w) dw)Wa(dv),

for some function h in L2(T) and a,b € R such that

(B.3) /Olh(u)du -0, /(O \ <5+/()vh(w)dw)Wa(dv) ~0,

where W, was given in (2.71).

Definition 11. Let Cyy, be the set of functions H € Hy, such that h € C(T).
We have the following property about the elements of the space Cy .

Lemma B.1. Cy, C CY2([0,T] x [0,1]).

Proof. From now on, we identify the torus T with (0,1]. Let H € Cy,_. In order
to prove that H € C12([0,T] x [0,1]), we restrict the domain T of H to the open
interval (0, 1), according to the definition of the space C*2([0,T] x [0,1]). By the
definition of the set Cy ., for all w € (0,1), H(u) can be written as

a+bu+/ / w) dwdv

Licensed to Instituto de Matematica Pura e Aplicada. Prepared on Thu Dec 11 15:42:02 EST 2014 for download from IP 147.65.255.227/147.65.1.23.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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for some function i € C(T) and some constants @ and b in R satisfying the con-
ditions of (B.3). Then, one can see that the restriction of H to (0,1) belongs to
C12([0,T] % (0,1)). After, we need to construct an extension H : [0,7] x [0,1] — R
such that:

o e C2(0,7] x [0,1]);
e H restricted to [0,7] x (0,1) coincides with H.

But, it is not hard to see that it is enough to consider the function

u v
H(u) = d—i—Bu—i—/ / h(w) dw dv ,
o Jo
defined for all u € [0, 1]. O

Moreover, all elements in Cyy,, satisfy the Robin’s boundary conditions:
Lemma B.2. If H € Cy_, then 0, H(0) = 0, H(1) = a(H(0) — H(1)).

Proof. Since H € Cy ., a simple computation shows that for u € T = (0, 1],

H(u) = G(u)+ 21{1}(11) ,

where
G(u) :d—l—Eu—i—/ / h(w) dw dv.
0o Jo

Notice that G(-) is continuous and smooth. Then, H(0) = G(0) and H(1) =
G(1) + 2. On the other hand, 9,H(0) = 9, H(1) = G'(0). Since G'(0) = b, then
0uH(0) = 0, H(1) = a(H(0) — H(1)), which finishes the proof. O

In [3], we considered a@ = 1 and we proved that p;(-) is a weak solution of (Bl),
which in particular means that

(B.4) (onH) = (oo ) = [ e ds = 0.

forallt € [0,7] and all H € Hrlzvl' Now, we present a result that relates the integral
equations (B.4) and ([24). We notice that by Proposition 6.3 of [3], it is enough to
verify equation (B.4) for functions in Cy, .

Proposition B.3. For H € Cyw,, the integral equation [24) coincides with the
integral equation (B.4).
Proof. From Lemma[BIlwe know that Cyy, is a subset of C*2([0,T] x [0, 1]), which

is the space of test functions for the integral equation (2:4)). From the previous
lemma, for H € Cy,, the integral equation (24) reads as

(oo, H) — <po,H>—/0 (pos By ds = 0,

where h = AH. Notice that a function in Cy, does not depend on time. Now, it

is enough to notice that from the definition of %ﬁH = h (see [3]) we get that

<p37AH> = <p35%ﬁH>-

Licensed to Instituto de Matematica Pura e Aplicada. Prepared on Thu Dec 11 15:42:02 EST 2014 for download from IP 147.65.255.227/147.65.1.23.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



PHASE TRANSITION OF A HEAT EQUATION 27

Proposition B.4. There ezists a unique weak solution of (1) and of (2.

Proof. We start by showing uniqueness of ([25). For that purpose, let p; be a weak
solution of (ZH) with po(-) = 0. For w € T, let Hyx(u) = +/2cos(kru), k € N.
Recalling the integral equation (Z.6), for all k € N, Hy € C%([0,1]), 8,H(0) =
OuHi(1) =0 and

(v ) = =0 [ (o ).

Now, by Gronwall’s inequality it follows that {p;, Hx) = 0, Vt > 0 and for all k£ € N.
Since { Hy }ren is a complete orthonormal system in L?(T), we obtain that p;(-) = 0,
vt > 0.

The uniqueness of weak solutions of (2.1)) follows as above, but considering in-
stead the complete orthonormal system {1,v/2 cos(2kmu) , v/2sin(2kmu)}xen com-
posed of functions in C?(T). O
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