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Abstract

In this paper we consider a symmetric simple exclusion process on the d-dimensional discrete
torus ']I‘i, with a spatial non-homogeneity given by a slow membrane. The slow membrane
is defined here as the boundary of a smooth simple connected region A on the continuous
d-dimensional torus T. In this setting, bonds crossing the membrane have jump rate oo/ N?
and all other bonds have jump rate one, where & > 0, 8 € [0, co], and N € N is the scaling
parameter. In the diffusive scaling we prove that the hydrodynamic limit presents a dynamical
phase transition, that is, it depends on the regime of . For g € [0, 1), the hydrodynamic
equation is given by the usual heat equation on the continuous torus, meaning that the slow
membrane has no effect in the limit. For 8 € (1, oo], the hydrodynamic equation is the heat
equation with Neumann boundary conditions, meaning that the slow membrane 9 A divides
T into two isolated regions A and AC. And for the critical value B = 1, the hydrodynamic
equation is the heat equation with certain Robin boundary conditions related to the Fick’s
Law.

Keywords Hydrodynamic limit - Exclusion process - Non-homogeneous environment -
Slow bonds

Mathematics Subject Classification 60K35 - 35K55

1 Introduction

A central question of Statistical Mechanics is about how microscopic interactions determine
the macroscopic behavior of a given system. Under this guideline, an entire area on scaling
limits of interacting random particle systems has been developed, see [10] and references
therein.
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In the last years, many attention has been given to scaling limits of (spatially) non-
homogeneous interacting systems, see for instance [5,8] among many others. Such an
attention is quite natural due to the fact that a non-homogeneity may represent vast physical
situations, as impurities, changing of density in the media etc. Among those interacting par-
ticles systems, processes of exclusion type have special importance: they are, at same time,
mathematically tractable and have a physical interaction, leading to precise representation of
many phenomena. Being more precise, a random process is called of exclusion type if it has
the hard-core interaction, that is, at most one particle is allowed per site of a given graph.
The random evolution of the system (in the symmetric case) can be described as follows: to
each edge of the given graph, a Poisson clock is associated, all of them independent. At a
ring time of some clock, the occupation values for the vertexes of the corresponding edge
are interchanged.

In [8], a quite broad setting for the one-dimensional symmetric exclusion process (SEP)
in non-homogeneous medium has been considered, being obtained its hydrodynamic limit,
that is, the law of large numbers for the time evolution of the spatial density of particles. The
hydrodynamic equation there was given by a PDE related to a Krein-Feller operator. And in
[4], the fluctuations for the same model were obtained.

The scenario for the SEP in non-homogeneous medium in dimension
d > 2 up to now is far less understood. In [11], a generalization of [8] to the d-dimensional
setting was reached. However, the definition of model there was very specific to permit a
reduction to the one-dimensional approach of [8].

In [9], the hydrodynamic limit in the diffusive scaling for the following d-dimensional
simple symmetric exclusion process (SSEP) in non-homogeneous medium was proved, where
the term simple means that only jumps to nearest neighbors are allowed. The underlying graph
is the discrete d-dimensional torus, and all bonds of the graph have rate one, except those
laying over a (d — 1)-dimensional closed surface, which have rate given by N~! times a
constant depending on the angle between the edge and the normal vector to the surface,
where N is the scaling parameter. The hydrodynamic equation obtained was given by a PDE
related to a d-dimensional Krein-Feller operator. Despite less broad in certain sense than the
setting of [11], the model in [9] cannot be approached by one-dimensional techniques, being
truly d-dimensional.

In the present paper, we consider a d-dimensional model close to the one in [9] and related
to the slow bond phase transition behavior of [5-7]. Itis fixed a (d — 1)-dimensional smooth
surface A in the continuous d-dimensional torus T, see Fig. 1. Edges have rates equal to

Fig.1 The region in gray N-1Td
represents A, and the white -'( N
region represents its complement
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)
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the discrete torus embedded on )
the continuous torus T¢. By ¢ (u) / C
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unitary vector to A at the point (
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Hydrodynamic Limit for the SSEP with a Slow Membrane

one, except those intersecting d A, which have rate o/ N B, where @ > 0, 8 € [0, oo] and
N e Nis the scaling parameter. Here we prove the hydrodynamic limit, which depends on
the range of B, namely, if B € [0, 1), 8 =1or g € (1, oo].

For B € [0, 1), the hydrodynamic equation is given by the usual heat equation: meaning
that, in this regime, the slow bonds do not have any effect in the continuum limit. For
B € (1, oo], the hydrodynamic equation is the heat equation with the following Neumann
boundary conditions over d A:

dp(t,u™) _0p(tu)

0¢ (u) 3¢ (u)
where E is the normal unitary vector to d A. This means that, in this regime, the slow bonds are
so strong that there no flux of mass through d A in the continuum, despite the existence of flux

of particles in the discrete for each N € N. For the critical value § = 1, the hydrodynamic
equation is given by the heat equation with the following Robin boundary conditions:

0, V>0, uecdA,

dp(r,ut)  dp(t,u)

d
=a(pt.u") = pt,u7)) Y 1E @, el 120, ueA,
j=I

a¢ (u) a¢ (i)
(1.1)
where u~ denotes the limit towards u € dA through points over A while u™ denotes the
limit towards u € d A through points over AB, and {e] ..., ey} is the canonical basis of RY,

We observe that the Robin boundary condition above is in agreement with the Fick’s
Law: the spatial derivatives are equal due to the conservation of particles, representing the
rate at which the mass crosses the boundary. Such a rate is proportional to the difference
of concentration on each side of the boundary, being the diffusion coefficient through the
boundary at a point u € dA given by D(u) = « Zl;:l |(Z(u), e;)|. Since Z‘(u) is a unitary
vector, the reader can check via Lagrange multipliers that this diffusion coefficient satisfies

o < D) < avd

in dimension d > 2. Moreover, in this case § = 1, the hydrodynamic equation exhibits the
phenomena of non-invariance for isometries. Let us explain this notion. Consider an isometry
T : T¢ — T9, an initial density profile pp : T¢ — [0, 1] and denote by (S(¢)po)(u) the
solution of the usual heat equation with initial condition pg. Then,

(S (oo o M) ) = (S1)po)(TW)).

In other words, if we isometrically move the initial condition of the usual heat equation, the
solution of the PDE under this new initial condition is the equal to the previous solution moved
by the same isometry. On the other hand, as we can see in (1.1), the diffusion coefficient
D (u) depends on how the surface d A is positioned with respect to the canonical basis. Hence
the PDE for = 1 is not invariant for isometries, differently from the cases g € [0, 1) and
B € (1, oo]. Note that the diffusion coefficient also says that the underlying graph plays a
role in the limit.

Besides the dynamical phase transition itself, this work has the following features. First
of all, in contrast with some previous works, the hydrodynamic equations are characterized
as classical PDEs, with clear interpretation. In the regime 8 € [0, 1), the proof relies on a
sharp replacement lemma which compares occupations of neighbor sites in opposite sides
of dA. For B = 1, the proof is based on a precise analysis of the surface integrals and the
model drops the ad hoc hypothesis adopted in [9]: here the rates for bonds crossing d A are
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all equal to o/ N, with no extra constant depending on the incident angle. Finally, a remark
the uniqueness of weak solutions for the cases B = 1 and B8 € (1, oc]. Uniqueness of weak
solutions are in general a delicate and technical issue, specially for dimension higher than
one. In Proposition 7.2 we provide a general statement which leads to the uniqueness of weak
solutions in both cases B = 1 and 8 € (1, oo]. The keystone of the proof is the notion of
Friedrichs extension for strongly monotone symmetric operators. The uniqueness statement
has the feature of being simple, d-dimensional and easily adaptable to many contexts. How-
ever, it is strictly limited to the uniqueness of weak solutions of parabolic linear PDEs with
linear boundary conditions.

The paper is divided as follows: In Sect. 2 we state definitions and results. In Sect. 3 we
draw the strategy of proof for the hydrodynamic limit. In Sect. 4 is reserved to the proof of
tightness of the processes. In Sect. 5 we prove the necessary replacement lemmas and energy
estimates. In Sect. 6 we characterize limit points as concentrated on weak solutions of the
respective PDEs, and in Sect. 7 we assure uniqueness of those weak solutions.

2 Definitions and Results

Let T¢ be the continuous d-dimensional torus, which is [0, l)d with periodic boundary
conditions, and let T?v be the discrete torus with N¢ points, which can naturally embedded
in the continuous torus as N ’IT}‘(\,, see Fig. 1. We therefore will not distinguish notation for
functions defined on T¢ or N~ T?V.

By n = (n(x)), eTd, we denote configurations in the state space Qy = {0, I}Tgl, where
n(x) = 0 means that the site x is empty, and n(x) = 1 means that the site x is occupied. By a
symmetric simple exclusion process we mean the Markov Process with configuration space
Qy and exchange rates £ > 0 for x, y € T4, with [|x — y|l; = 1. This process can be
characterized in terms of the infinitesimal generator .Zy acting on functions f : Qy — R
as

d
IO = 33 & [For T = fop].

xeTd, j=1

where {ey, ..., eq} is the canonical basis of R? and n***¢/ is the configuration obtained
from n by exchanging the occupation variables 1(x) and n(x + e;), that is,

nx+ej), if y=x,
e (y) = nx), if y=x+e;,
n(y), otherwise.

The Bernoulli product measures {vév : 6 € [0, 1]} are invariant and in fact, reversible, for
the symmetric nearest neighbor exclusion process introduced above. Namely, vé\’ is a product
measure on 2 whose marginal at site x € ’JI‘?’V is given by

vpin i) =1} = 6.

Fix now two parameters « > 0 and B € [0, oo] and a simple connected closed region
A C T whose boundary A is a smooth (d — 1)-dimensional surface. The symmetric simple
exclusion process with slow bonds over d A (SSEP with slow bonds over d A) we define now
is the particular simple symmetric exclusion process with exchange rates given by

@ Springer
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o X xte; C % ~AC, X TE
S)?,/erej': Nﬁ,lfNeAand ~ eA,orNeA and €A, .1
1, otherwise,
for all x € ’]I’?\, and j = 1,...,d. That is, the slow bonds of the process will be the bonds

in N *IT‘I{, for which one of its vertices belongs to A and the other one belongs to AC. See
Fig. 1 for an illustration.

Note that, when 8 = oo, there are no crossings of particles through the boundary dA.
From now on, abusing of notation, we will call the generator of the SSEP with slow bonds
over dA by .Zy, being understood that jump rates will be given by (2.1).

Denote by {n; : # > 0} the Markov process with state space Qy and generator N2.%y,
where the N2 factor is the so-called diffusive scaling. This Markov process depends on N, but
it will not be indexed on it to not overload notation. Let D(R_., Q) be the Skorohod space
of cadlag trajectories taking values in Q. For a measure py on Qp, denote by ]P’ﬁ' y the
probability measure on D (R, Q) induced by the initial state .y and the Markov process
{n: : 1 = 0}. Expectation with respect to Pff  will be denoted by EJ), .

In the sequel, we present the partial differential equations governing the time evolution
of the density profile for the different regimes of 8, defining the notion of weak solution for
each one of those equations. Denote by p; a function p(z, -) and denote by C”" (T9) the set
of continuous functions from T¢ to R with continuous derivatives of order up to n. Let (-, -)
and || - || be the inner product and norm in L2(T9), that is,

(f.8) = /Tdf(u)g(u)du and |/l =V(f, /), ¥YfgelXT). (@2

Fix once and for all a measurable density profile py : T¢ — [0, 1]. Note that po is bounded.

Definition 1 A bounded function p : [0, T'] x T¢ — R is said to be a weak solution of the
heat equation

_ d
latp(t,u) = Ap(t,u), t >0, u € T, 2.3)

pO,u) = pou),  ueTd.

if, for all functions H € C2(T%) and all 7 € [0, T], the function p(t, -) satisfies the integral
equation

t
</OI7H) - (p05H>_](; (,OS,AH)dS =0.

We recall next the definition of Sobolev Space from [3]. Let U be an open set of R or
T?. The Sobolev Space H' (U) consists of all locally summable functions « : U — R such
that there exist functions Buj/c e LAX(U), j=1,...,d, satisfying

/ 0u; H (u)k (u) du — H(u)aujlc(u)du
Td

Ttl

forall H € C*°(U) with compact support. Furthermore, for x € H'(U), we define the norm
1/2

<l wy = (Z‘;zl fU |8uj/<|2du> . Finally, we define the space L%([0, T1, HL(U)),

which consists of all measurable functions 7 : [0, T] — H!(U) such that

T 5 1/2
Il 2qo, 1110wy = (/0 ”T’”H'(U)dt) = oo

Note that U = T\ A is an open subset of T¢.
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The following notation will be used several times along the text. Given a function f :
Td\aA — Rand u € 0A, we denote

fah) = lim f) and f@7) = lim f(), 24)

veAD veA

that is, f(u™) is the limit of f(v) as v approaches u € dA through the complement of
A, while f(u7) is the limit of f(v) as v approaches u € 9A through A. Let 14 be the
indicator function of a set A, that is, 14(a) = 1 if a € A and zero otherwise. Denote by
Z’ (u) the normal unitary exterior vector to the region A at the point # € dA and by 9/ 82 the
directional derivative with respect to Z‘(u).

Below, by (i, v) we denote the canonical inner product of two vectors i and v in RY,
which shall not be misunderstood with the inner product in L%(T?) as defined in (2.2). By
dS we indicate a surface integral.

Definition 2 A bounded function p : [0, T'] x T¢ — R is said to be a weak solution of the
following heat equation with Robin boundary conditions

apt,u) = Ap(t,u), t>0,ueT?,

op(t,u™) 8p(t u ) . _
ORI a(pt,ut) = pitu ))] 1
p0,u) = po(u), uetl?.

(C@w), ej)l, t =0, u € DA,

-

(2.5)

if p € L2([0, T], H'(T9\3A)) and, for all functions H = hi1a + hol,¢ with iy, hy €
C? (Td) and for all ¢t € [0, T], the following the integral equation holds:

t t d
one ) = o, 1) = [ (oo amyas = [ [ ity Y0, ) Ew, ) astods
j=1
' d R
[ ] p) Y ) E e dsaods
0 Jaa ot

! d
+/0 /BAa (ps(m™) — ps(u+))(H(u+) - H(LF))(Z| C(u), ej )dS(u)ds -0
j=1

The reader should note that the function H is (possibly) discontinuous at the boundary d A.
Note also that the expression ijl 0u; H WH (W), e j) appearing in the integral equation
above is nothing but 3 H (u™)/9¢ due to linearity of the directional derivative.

Definition 3 A bounded function p : [0, T] x T¢ — R is said to be a weak solution of the
heat equation with Neumann boundary conditions

dp(t.u) = Ap(t,u), t>0,ueT,
+
Opt u™) _ W uT) o 20 ue oA, (2.6)
9 (u) ¢ (u)
p0,u) = po(u), uetl?,
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if p € L*([0, T], ' (T9\dA)) and, for all functions H = hi15 + hol,¢ with hy, hy €
C%(T¢) and for all ¢ € [0, T, the following integral equation holds:

t
0

t d
ot = tous 0= [ at1as = [ 60 Yty Ewnepdsinas
j=1
t d B
+A/8A ,Os(u_)zaujH(u_)({(u)’gj)ds(u)ds - 0.
j=1

Since in Definitions 2 and 3 we impose p € L2([0, T, H! (Td\BA)), the integrals above
are well-defined on the boundary due to the notion of trace in Sobolev spaces, see [3] on the
subject. We clarify that the notion of weak solutions above have been defined in the standard
way of Analysis: the reader can check that a strong solution of (2.3), (2.5) or (2.6) is indeed
a weak solution of the respective PDE.

Uniqueness of weak solutions of PDE (2.3) is a well known result. On the other hand, to
the best of our knowledge, uniqueness of weak solutions of (2.5) and (2.6) were not available
in the literature. For this reason, based on the notion of Friedrichs extension of symmetric
nonnegative operators, in Sect. 7 we developed a general uniqueness criterion applicable to
both PDE’s (2.5) and (2.6), see Proposition 7.2.

Fix a measurable density profile py : T¢ — [0, 1]. Foreach N € N, let 115 be a probability
measure on 2. A sequence of probability measures {iy : N > 1} is said to be associated
to a profile pg : T¢ — [0, 1]if, for every § > 0 and every continuous function H : ™™ > R
the following limit holds:

1
Jim s | 3 oo - [ Hawman 5] <0, e

d
xeT§,

Below, we establish the main result of this paper, the hydrodynamic limit for the exclusion
process with slow bonds, which depends on the regime of S.

Theorem 2.1 Fix 8 € [0, co]. Consider the exclusion process with slow bonds over d A with
rate o N =P at each one of these slow bonds. Fix a Borel measurable initial profile py : T¢ —
[0, 1] and consider a sequence of probability measures {{Ly} NeN 0n QN associated to po in
the sense of (2.7). Then, for eacht € [0, T],

1
lim IF’Q’NI:n : Na Z H(x/N)nAx)—/Td H@) p(t,u)du| > 8:| =0,

N—o00 y
xeTy,

for every 8 > 0 and every function H € C(T%) where:

e If B €10, 1), then p is the unique weak solution of (2.3).
e If B =1, then p is the unique weak solution of (2.5).
e If B € (1, 00], then p is the unique weak solution of (2.6).

The assumption that A is simple and connected may be dropped, being imposed only for the
sake of clarity. Otherwise, notation would be highly overloaded.
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3 Scaling Limit and Proof’s Structure

Let M be the space of positive Radon measures on T¢ with total mass bounded by one,
endowed with the weak topology. Let n,N € M the empirical measure at time ¢ associated

to 1;, it is a measure on T¢ obtained rescaling space by N:

1
7 dw) = 7 e, du) = g Y )8y (du),

d
xeTy,

where 8, denotes the Dirac measure concentrated on u € T¢. For a measurable function
H : T? — R which is m-integrable, denote by (wN, H) the integral of H with respect to

N.
T

1
(r' H) = g > H (%) mx).

d
xeTy,

Note that this notation (-, -) is also used as the inner product of L2(T?). Fix once and for
all a time horizon T > 0. Let D([0, T'], M) be the space of M-valued cadlag trajectories
7 : [0, T] — M endowed with the Skorohod topology. Then, the M-valued process {r/ :
t > 0} isarandom element of D ([0, T'], M) determined by {n; : ¢t > 0}. For each probability
measure @y on 2y, denote by Qﬁ,{,v the distribution of {ntN : t > 0} on the path space
D([0, T1, M), when n)) has distribution s¢.

Fix a continuous Borel measurable profile pg : T4 — [0, 1] and consider a sequence
{un : N > 1} of measures on Qy associated to pp. Let Qf be the probability measure on
D([0, T], M) concentrated on the deterministic path 7 (¢, du) = p(t, u)du, where:

e if B € [0, 1), then p is the unique weak solution of (2.3),
e if B =1, then p is the unique weak solution of (2.5),
e if B € (1, o], then p is the unique weak solution of (2.6).

Proposition 3.1 For any B € [0, 0o], the sequence of probability measures Qﬁ’NN converges
weakly to QF as N goes to infinity.

The proof of this result is divided into three parts. In the next section, we show that tightness
of the sequence {Qﬁ’,ﬁv : N > 1}. In Sect. 5, we prove a suitable Replacement Lemma for
each regime of f, which will be crucial in the task of characterizing limit points. In Sect. 6
we characterize the limit points of the sequence for each regime of the parameter §. Finally,
the uniqueness of weak solutions is presented in Sect. 7 and this implies the uniqueness of
limit points of the sequence {Qﬁ’,{,v N > 1}

Finally, we note that Theorem 2.1 is a consequence of Proposition 3.1. Actually, since
Qﬁ’NN weakly converges to QF for all continuous functions H : T¢ — R, it follows that the
path {(n,N, H) : 0 <t < T} converges in distribution to {(r;, H) : 0 <t < T}. Since
{(my, H) : 0 <t < T} is adeterministic path, convergence in distribution is equivalent to
convergence in probability. Therefore,

> 8}

1
Jim P | X e - [ awseoa

d
xeTy,

= lim QON{|(xN, H) — (m,, H)| > 8} = 0,

N—o00
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forall § > Oand O < ¢ < T. This gives the strategy of proof for the hydrodynamic limit.
Next, we make some general observations.

Since particles in the exclusion process evolve independently as a nearest neighbor random
walk, except for exclusion rule, the exclusion process with slow bonds over d A is related to
the random walk on N ! Ti, that describes the evolution of the system with a single particle.
To be used throughout the paper we introduce the generator of the random walk described
above, which is

L () = 3 [6% o [HC5) - )]+ 8 [0S0 - 1))

j=1

(3.1)

forevery H : N *111‘7\, — R and every x € ’H“fv. Above, it is understood that §y4.; » =
Ex,xie,-- By Dynkin’s formula (see A.1.5.1 in [10]),

t
MN(H) = (ntN,H)—(név,H)—/O N*%y(xN, H)ds

is a martingale with respect to the natural filtration 7, := o (n" : s < t). By some elementary
calculations,

1 x
N2yl H) = =5 Y. nLyH(5) = (. N2LyH).

d
xeTy

hence the martingale can be rewritten as
12
MNH) = ()N, H) - <n0N,H>—/ (xN, N’LyH)ds . (3.2)
0

Note that this observation stands for any jump rates. The particular form of jump rates for the
SSEP with slow bonds over d A will play a role when characterizing limit points and proving
replacement lemmas.

4 Tightness

This section deals with the issue of tightness for the sequence {Qﬁ’,VN : N > 1} of probability
measures on D([0, T'], M).

Proposition 4.1 For any fixed 8 € [0, 00], the sequence of measures {Qﬁ}y N > 1}istight
in the Skorohod topology of D([0, T], M).

Proof In order to prove tightness of {ntN :0 <t < T}, itis enough to show tightness of the
real-valued process {(nt JHY : 0 <t < T)for He C(T?. In fact, (cf. Proposition 1.7,
chapter 4 of [10]) it is enough to show tightness of {(n, ,H) :0<t<T}in D(0,T],R)
for a dense set of functions in C(T¢) with respect to the uniform topology.

For that purpose, fix H € C*(T¢). Since the sum of tight processes is tight, in order to
prove tightness of {(JT,N , H) : N > 1}, it is enough to assure tightness of each term in (3.2).
The quadratic variation of MN (H) is given by

X, x+e x4e; 2
MN(H>t—/ Z 3 N2d+2’[(ns(X)—ns(erej))(H( YO - HG)]ds, @

J=lxem4
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implying that
(MM (H)); Z 19 HIZ, . (4.2)

where || H ||oo 1= sup,cye |H ()|, hence MZN converges to zero as N — oo in Lz(PﬁN).
Therefore, by Doob’s inequality, for every § > 0,

Jim Pl [Osup MY ()] = 8] = 0, 4.3)
e <t<

which implies tightness of the sequence of martingales {MN (H) : N > 1}. Next, we will
prove tightness for the integral term in (3.2). Let I'y be the set of vertices in Ti, having some
incident edge with exchange rate not equal to one, that is,

FN:{xeTi,:forsomej:l,...,d, 4.4

‘%_x x+e, - ng Orsxx ej W}

The term (N, N’y H) appearing inside the time integral in (3.2) can be then written as

Nd Z > m@N [ HERD + HOD = 2HG) |

j=1x¢l'y

o IZZWY()C)[éxx_,_e, (HCEFH—HED)+6Y, o N(HCEFH—H(E)]

j=lxely

since &y xte; = Exte;x = 1 for every x ¢ I'y. By a Taylor expansion on H € C%(T9), the
absolute value of the summand in the first double sum above is bounded by ||A H || . Since
there are O(Nd_l) elements in I'y, and é‘x,xﬂj < «, the absolute value of summand in

second double sum above is bounded by Zj{: 1 &1y ; H |loo. Therefore, there exists C > 0,
depending only on H, such that |N 2]LN (nSN , H)| < C, which yields

t
/NZ]LN(JTXN,H)dr < Clt—s]|.
s

By [10, Proposition 4.1.6], last inequality implies tightness of the integral term, concluding
the proof of the proposition. O

5 Replacement Lemma and Energy Estimates

This section gives a fundamental result that allow us to replace a mean occupation of a site
by the mean density of particles in a small macroscopic box around this site. We start by
introducing some tools to be used in the sequel.

Denote by Hy (un|ve) the relative entropy of py with respect to the invariant state vy.
For a precise definition and properties of the entropy, we refer the reader to [10]. Assuming
0 < 6 < 1, the formula in [10, Theorem A1.8.3] assures the existence a finite constant
ko = ko(6) such that

Hy(unlve) < koN? (5.1)
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for any probability measure y on {0, 1 }TL/{/ . Denote by ® y the Dirichlet form of the process,
which is the functional acting on functions f : {0, I}T‘ljv — Ras

d E;Vx (]
DN = =Nl =D ), % / (F@™*ey — fap)’ veldn).  (5.2)
Jj=1 xET'fV

In the sequence, we will make use of the functional Dy (4/f), where f is a probability
density with respect to vg.

5.1 Replacement Lemma for 8 € [0, 1)

Below, we define the local density of particles, which corresponds a to the mean occupation
in a box around a given site. Abusing of notation, we denote by e N — 1 the integer part of
eN — 1. For 8 € [0, 1), we define the local mean by
1 eN—1
eN _ . .
@ = o .ZA n(x+ jier+ ...+ jaea) - (5.3)
J1:J2500Ja=0

Note that the sum on the right hand side of above may contain sites in and out of A in the sense
that x/N € Aorx/N € AC. By O(f(N)) we will mean a function bounded in modulus by
a constant times f(N).

Lemma5.1 Fix B8 € [0, 1). Let f be a density with respect to the invariant measure vy,
AN : ']I‘?V — R a function such that ||An|leco < M < 0o andy > 0. Then,

/ YN Y v {n@) — g )} £ ()ve(dn)

xel'y

2M2 Nd Nﬂ—l
<! f( )( +de) + NDy (/).

Proof By the definition (5.3) of local mean neN (x),

[ 2w {nen =] rapvan =

eN—1

= [ X {0 = a0t e+ daeo | Fatdn). 5
Jseeesja=
The next step is to write n(x) — n(x + jie; + - -+ + jaeq) as a telescopic sum:
Jit+ja
n(x) —n(x + jier + ...+ jaea) = Y nlac—1) — nar).
=1

where ap = x, ajy..4j, = X + jiey + -+ jaeq, and |lag—1 — a¢|ly = 1 for any £ =
L,...,j1 +---+ ja. Note that the path ag, ay, ..., aj,+..+j, depends on the initial point x
and the final point x 4 jiej + - - - 4 jgeq. See Fig. 2 for an illustration and keep in mind that
the length of this path is bounded by de N. Inserting the previous equality into (5.4), we get

eN—1 Jit+ja

/*N(”(g/lv)di Yo X n@en—n@o) s ven.

Tsewes ja=0 =1
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Fig. 2 Illustration (in dimension N-1Td
2) of a polygonal path joining the N
sites x and y = x + jie] + joen,

with j; = j» = 3. Note the N\
embeddmg in the continuous | — Y
torus T¢ — \ N

2s

AC

Rewriting the expression above as twice the half and performing the transformation n +—
n?t-1-4t for which the probability measure vy is invariant, expression above becomes:

eN—1 ji+-+ja

2(81\,)[1 XX [ 2 @) = miaon (7 (r#1) = f ) .

..... Ja=0

Since ab = /c a— < an + 57, which holds for any ¢ > 0, the previous expression is

smaller or equal than

1 eN—1 ji+-+ja |:

2N Z ;

2
/ 3 @) @) = n@e-0)* (VI G+ F ) dve] .

éaz 1,40 / (\/f (nae-ae-1) — \/f (r,))zdvg

2A

25}@ 1.a¢
Summing over x € I'y, we can bound the last expression by

eN—1 jit-+ja

2(8N)dZ )IEEDD

xel'y Tlseees ]([—O =1

2
2 e / 3% () (@) = nae—)? (VI @) + /7 ) dv9:|-

)CEFN

[ e [(VFGEa - V7)) dv

ag—1,a¢

Recalling (5.2), we can bound the first parcel in the sum above by
1 eN—1
— —z)N(f) = —QN(f)

J1seees Ja=0
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Since f is a density and |Ay (x)| < M, the second parcel is bounded by

eN—1 Ji+- +Jd

o o 2 L g

XELN jisewrja= “( 1.ae

eN—1

! Z AM2O(N4~ 1)( ﬂ+dsN)

<
T (N
NB
- AM%(N"“)(— +deN).
o
Up to here we have achieved that

> v {ne) = 0N @)} £ )ve(dn)

xel'y
NP 1
< AMPON™) (== +deN) + DG/ 1.
o 2A
We point out that the quantity of sites on 'y is of order O(N“~1), which is a consequence

of the fact that d A is a smooth surface of dimension d — 1. Then, multiplying the inequality
above by y N gives us

/ yN Y aw@{n@) = nN @)} f e dn)

xel'y
NP N
< AyO(Nd)MZ[— + dsN] + (/D).
o 2A
Now choosing A = y N~!/2 the proof ends. O
Recall the definition of Iy in (4.4).

Lemma 5.2 (Replacement lemma) Fix 8 € [0, 1). Let Ay : ']I’ﬁl\, — R be a sequence of
Sfunctions such that |Ay|lcc < M < o0o. Then,

lim lim Eﬂ ‘/ Va1 Z An () {n N(X)—ﬂs(X)}dsH = 0.

e—>0N—o0

Proof Using the variational formula for entropy, for any y € R (which will be chosen large
a posteriori),

ILN ‘/- Nd 1 Z )‘N(x){ﬂs(x)—nsN(X)}dSH

xely

e L /0 Py Ay (o500 — 1Y oas||

< ) togE [exp (] [ 3 anr o) — g anas]) |

xely

(5.5)
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By the estimate (5.1) on the entropy, the first parcel of above is negligible as N — oo since
we will choose y arbitrarily large. Therefore, we can focus on the second parcel. Using that
el < ¢ e and

o 1 B
Jim_— log(ay +by) = max{Nli_r)nooWlogaN, Nli_r)noomlogbzv} (5.6)

for any sequences ay, by > 0, one can see that the second parcel on the right hand side of
(5.5) is less than or equal to the sum of

Jim ﬁ log {E, [ exp (v N [0 t ZFN In@ s =N as) [} 6.7

and

Jim V]W log [EW, [exp ( —¥N fot X;N oy () {175 (x) — nﬁN(x)}ds)“ . (58)

We handle only (5.7), being (5.8) analogous. By Feynman—Kac’s formula, see [10, Appendix
1, Lemma 7.2], expression (5.7) is bounded by

1 ' — 1Py
lim —log[exp(/ <I>Nds>} = lim —,
N—oo y N4 0 N—oo y N4

dy = sup / YN Y an ) = nN 0y yvedn) — N*Dn (/1)

f density xely

Applying Lemma 5.1 finishes the proof. O

5.2 Replacement Lemma for § € [1, o]

Here, some additional notation is required. The idea is actually very simple: the local mean
shall be over a region avoiding slow bonds. Let By [x, €] C T]d\, be the discrete box centered
on x € T¢ which edge has size 2¢, that is, By[x,¢] = {y € T} : lly — xlloo < £},
where we have written || - ||oo for the supremum norm on ']I‘,dv, that is, ||(x1, ..., X3)|lco =
max {|xi| A [N —xil, ..., [xa| AN = xql}.

Let Ay = {x € ’]1’7\, : % € A} the set of sites in #Mv belonging to A. We define now the
region Cy[x, £] C '[[‘ﬁ, by

Bylx. 61N Ay if % € A,

Cylx, ] =
vl 4] Bylx, (1N AY if % e AL,

(5.9

see Fig. 3 for an illustration. For 8 € [1, oco], we define the local density as the average over
Cylx, £], that is,

1
eN
= — . 5.10
nt(x) #Cnlx.eN E n(y) (5.10)
yeCylx,eN]
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Fig.3 Illustration in di i —1d
[+] ustration in d1men§10n N TN
two of C[x, 2]. The sites in
Cnx, 2] are those laying in the c
gray region B A
— | \
(|
g
N
\\

Lemma 5.3 Fix B € [1, 00]. Let f be a density with respect to the invariant measure vy, let
AN : T?Zv — R a function such that |An|lcc < M < oo and y > 0. Then, the following
inequalities hold:

/ YN Y @ {ne) =N @} favedn) < 3yPMPOWNYde + N*Dn (/)

xel'ny

(5.11)

and

v O @ =g Nl fmvedn) < 3y MPONYde + N*Dy (/) -
XET%

(5.12)

Proof Let us prove the inequality (5.12). As commented in the beginning of this subsection,
the local average nSN is taken over Cy[x, e N]. Thus, we can write

/ Iy @ (1) — 1N () f (e (dn)

1
= [l X G -ro)|roman. 1

YeCN[x,eN]

For each y € C[x, eN], let y(x, y) be a polygonal path of minimal length connecting x to
y which does not crosses d A. That is, y (x, y) is a sequence of sites (ao, . .., ay) such that
x =ap,y =au, lai —ai+1lh =land &, 4, = 1fori =0,...,M — 1, and y(x, y) has
minimal length, thatis, M = M (x, y) = |lx — y|l1 + 1. Now we repeat the steps in the proof
of Lemma 5.1, observing that in this case the sum will be over Td , obtaining that (5.13) is
bounded from above by

M(x,y)—1

2#CN[x eN] Z Z Z |: f(\/f(n“z Jag— 1)—\/f(77)) dvg

Td yeCpn|[x,eN]

A 2
+3 f (v 0)) ntae) — ntae-)? (VIOF=1) + /7)) dvo]-
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We can bound the first parcel in the sum above by ﬁ@ ~ (/) and the second parcel by

M(x,y)—1 >
DD IS
2#CN x,eN] £ T v
1
< ——— Y  AMPOWN“)deN = AM?O(N%)deN .
#Cn[x,eN]
yeCnl[x,eN]

We hence have

1
2 @ {ne = nM @} fvedn = AMPOWNDdeN + —Dn (/).

d
xeTy,

Then, multiplying the inequality above by y gives us

y Y @ {ne —nN ) fmvedn) < Ay0<Nd>M2deN+—©N<f ).

xe'[[‘d

Now choosing A = y N2 /2 the proof of (5.11) ends. The proof of inequality (5.11) similar
to the proof of Lemma 5.1, under the additional feature that rates of bonds over a path
connecting two sites will be always equal to one, which facilitates the argument. O

Lemma 5.4 (Replacement lemma) Fix B € [1, 0o]. Let Ay : ’]1’51\, — R be a sequence of
Sunctions such that |Ay|lco < ¢ < 00. Then,

t
J%ﬂ“ﬂﬁw[/o = Z @Y ) = ns@ds|] = 0
and
li“ozvli“ooEﬁN[/o w3 e~ meonas]] = o.

xeT N

Proof The proof is similar to the one of Lemma 5.2, being sufficient to show that expressions

@y = swp | / YN Y an )™ () = @) fGndve = N2Dn (/D).

f density

xel'y
@ = s {1 X ot~ nwh v - Nov (/D)
f density ceTd
N
satisfy
13 13
1m—1\[’1:0 and lim —Y =0
N—oo Yy N N—o00 yNd
which is a consequence of Lemma 5.3, finishing the proof. O
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Hydrodynamic Limit for the SSEP with a Slow Membrane

Fig.4 Illustration in dimension T
two of C[u, ¢], which is
represented by the region in gray,
while Blu, €] is represented by AC
the square delimited by the
dashed line. Note that C[u, ] is
the continuous counterpart of
Cp[x, £] defined in (5.9) -

5.3 Energy Estimates

In this subsection, consider B € [1, oc]. Our goal here is to prove that any limit point Qf of
the sequence {Qﬁ}y : N > 1} is concentrated on trajectories p (¢, u)du with finite energy,
meaning that p(¢, u) belongs to a suitable Sobolev space.

This result plays a both role in the uniqueness of weak solutions of (2.6) and in the
characterization of limit points. The fact that Qf is concentrated in trajectories with density
with respect to the Lebesgue measure of the form p (¢, u)du, withQ < p < 1,isaconsequence
of maximum of one particle per site, see [ 10]. The issue here is to prove that the density p (¢, u)
belongs to the Sobolev space Lz([O, T1; H! (Td\BA)), see Sect. 2 for its definition.

Assume without loss of generality that the entire sequence {in’,{,v : N > 1} weakly
converges to Qf. Let Blu,e] :={r € T? : |r — u0o < €} and

Blu,e]NA ifueA,

Clu,e] =
L, el Blu,e]N Ab ifu e AT,
where we have written || - || o for the supremum norm on the continuous torus T = [0, 1)4,
that is, [|(u1, ..., ua)lloo = max {lug| A |1 —uil, ..., |ugl A |l — uqgl}. See Fig. 4 for an

illustration.
We define an approximation of the identity ¢ in the continuous torus T¢ by

1
lg(ll, U) = mlc[uyg](v), (514)

where |Clu, ]| above denotes the Lebesgue measure of the set C[u, €]. Recall that the
convolution of a measure  with ¢, is defined by

(7 % 1) () = /dtg(u,v)n(dv) for any u € T¢ . (5.15)
T

Given a function p, the convolution p * i, shall be understood as the convolution of the
measure p (v)dv with (.. An important remark now is the equality

@ x)(5) = V(@) +0(eN)'), (5.16)
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where 7¢V has been defined in (5.10), being the small error above due to the fact that sites
on the boundary of Cy[x, £] may or may not belong to C[u, €] when taking # = x/N and
¢ = &N. Given a function H : T¢ — R, let

‘ 1 o () —n(x +eNep} 2 v)
Vn(e, j, H,n) ::WZH(N) e A &l - Z(H(N)) :

xeT4, ¢ N xeT4,
(5.17)
Lemma 5.5 Consider Hy, ..., Hy functions in c%1([0, T x ']I'd) with compact support con-
tained in [0, T'] x (Td\BA). Hence, for everye > 0and j =1, ...,d,
o T
I ) e e aha]] 00 e

where ko has been defined in (5.1).

Proof Provided by Lemma 5.4, it is enough to prove that

t
lim JEﬁN[ max [/ VN(&j,Hi(s,~),ns)dSH < ko.
0

N—oo 1<i<k

By the entropy inequality, for each fixed N, the expectation above is smaller than

HuNg) 1 [exp{

T
e oz, | exp | max N"{/O V(e j. Hils, ), ds} ]

1<i<k

> <i<x €xp{a;} and by (5.6), we conclude that the limsup as N 1 oo of the second parcel
above is less than or equal to

Using (5.1), we bound the first parcel above by k. Since exp{maxlsisk aj} <

fim 1 B[ Y exp{ne Ve, Hits. ) ds|]
NgnooNd ogl&,, exp A N(E, ], Hil(S, ), Ns)ds

1<i<k

1<i<k N—oo

1 T
= max lim Wlong[exp [Nd/ VN(e,j,Hi(S,.),ns)ds”.
0

Thus, in order to conclude the proof, it is enough to show that the limsup above is non positive
foreachi =1, ..., k. By the Feynman—Kac formula (see [10, p. 332, Lemma 7.2]) for each
fixed N andd > 2,

1 T
~atoeBu e [N [ Ve, i, G5, o s (5.19)
0

T
<[ sup | [ v s - Ny Das. 20

where the supremum above is taken over all probability densities f with respect to vy. By
assumption, each of the functions {H; : i = 1, ..., k} vanishes in a neighborhood of dA.
Thus, we make following observation about the first sum in the RHS of (5.17): for small
&, non-zero summands are such that x/N and (x + eNe;)N lay both in A or both in AC.
Henceforth, in such a case, it is possible to find a path no slow bonds connecting x and
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x + eNej. Keeping this in mind, we can repeat the arguments in the proof of Lemma 5.3 to
deduce that

1 - Ne;
/W ) H(%){ﬁ(x) rz(;chs e’)}f(n)dw;

xET%
<N*™MDy(/f)+ % > (H(%))z.
xeTd,

Plugging this inequality into (5.20) implies that (5.19) has a nonpositive limsup, showing
(5.19) and therefore finishing the proof. O

Lemma 5.6

T T
]EQ;; [sup{/ / (8,,jH)(s,u)p(s,u)duds — 2/ / (H(s,u))zduds” < kg,
*La o J1e 0 Jrd

where the supremum is carried over all functions H € COL([0, T1 x T?) with compact
support contained in [0, T] x (TT\9A).

Proof Consider a sequence {H; : i > 1} dense in the subset of C2([0, t] x T¢) of functions
with support contained in [0, T] x (T¢\dA), being the density with respect to the norm
| H |loo + 104 H || 0o Recall we are assuming that {Qﬁ}y : N > 1} converges to Qf. Then, by
(5.18) and the Portmanteau Theorem,

T
Tim E ﬁ[ max {lf / Hi(s, u)){pl ) — p°(u + eej)} duds
0 Td

8—0 li<i<kle

T
—Zf f (Hi(s,u)fduds]] < «o.
0 Td

where pf (u) = (ps *t5)(u) as defined in (5.15). Letting é |, 0, the Lebesgue Differentiation
Theorem assures that p? () converges almost surely to ps. Then, performing a change of
variables and letting ¢ | 0, we obtain that

T T
E@f[f;‘f‘;‘klfo Ad(aujHi(s,u))px(u)duds —2/0 /Td(Hi(s,u))Zduds}] < xo.

Since the maximum increases to the supremum, we conclude the lemma by applying the
Monotone Convergence Theorem to {H; : i > 1}, which is a dense sequence in the subset
of functions C 2([0, T]x T¢ ) with compact support contained in [0, 7] x (Td\aA). ]

Proposition 5.7 The measure Qf is concentrated on paths w(t,u) = p(t,u)du such that
p € L*([0, T1; H' (T\0A)).

Proof Denote by ¢ : C 2([0, T] x T¢) — R the linear functional defined by
T
L(H) = / / (0u; H) (s, u)p(s, u)duds .
0 Td

Since the set of functions H € C2([0, T] x 'JI‘d) with support contained in [0, T'] x (Td\8A)
is dense in L2([0, T] x T¢) and since by Lemma 5.6 £ is a Qf—a.s. bounded functional
in Cz([O, T] x Td), we can extend it to a Qf—a.s. bounded functional in L2([0, T] x Td),
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which is a Hilbert space. Then, by the Riesz Representation Theorem, there exists a function
G € L*([0, T] x T?) such that

T
U(H) = —/ / H(s,u)G(s,u)duds,
0 Td

concluding the proof. O

6 Characterization of Limit Points

Before going into the details of each regime 8 € [0, 1), 8 = 1 or B € (1, oc], we make some
useful considerations for all cases.

We will prove in this section that all limit points of the sequence {Qﬁ’NN : N > 1} are
concentrated on trajectories of measures (¢, du) = p(t, u) du, whose density p(¢, u) with
respect to the Lebesgue measure is the weak solution of the hydrodynamic equation (2.3),
(2.5) or (2.6) for each corresponding value of 8. Provided by tightness, let Qf be a limit point
of the sequence {Qﬂ’,VN : N > 1} and assume, without loss of generality, that {Qﬁ’,ﬁv N> 1}
converges to Qf.

Since there is at most one particle per site, it is easy to show that Qf is concentrated on
trajectories 7 (¢, du) which are absolutely continuous with respect to the Lebesgue measure
7 (t,du) = p(t, u) du and whose density p (¢, -), is nonnegative and bounded by one. Recall
the martingale MY (H) in (3.2).

Lemma 6.1 If

(@) B €[0,1)and H € C3(T%), or
(b) B e[l,00land H € C2(T?\9A),

then, for all § > 0,

lim P [ sup |MN (H)| >5] = 0. 6.1)

N—o0 0<t<T

Proof Item (a) has been already proved in (4.3). For item (b), recalling (4.1) note that

<MN(H) 2,1 2 Z Z ‘i:x xte; [ X+€j) - H(%)]Z . (62)

j=1 xETd

Since H € C*(T9\dA), H is differentiable with bounded derivative except over d A. There-
fore, if the edge x, x + e; is not a slow bond, then

XTej 2
& oo [HEFH —HG| = o, HIL. (6.3)

On the other hand, if the edge x, x + e is a slow bond, then

4a||H|%
NP

5 cte; [H(xﬁf") - Hr(%)]2 < (6.4)

Since the number of slow bonds is of order O(N~1), plugging (6.3) and (6.4) into (6.2)
gives us (MN(H))), < O(l/Nd). Then, Doob’s inequality concludes the proof. ]
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6.1 Characterization of Limit Points for 8 € [0, 1)

Proposition 6.2 Let H € C>(T?). Then, for any § > 0,

t

@[ sup [m. 1) — (0. 1) —/

(nS,AH)ds‘ > 3] = 0.
0<t<T 0
Proof Since Qﬁlf,v converges weakly to Qf, by Portmanteau’s Theorem (see [2, Theorem
2.1]),

t

Qf[n.: sup ’(ﬂ,,H) — (7o, H) —/ (nS,AH)ds‘ >8]
0<t<T 0

J— B.N t

< Nll_r)nooQﬂ’N [n.: sup ‘(n,,H) — (mo, H) — /

(. AH) ds‘ > 5] (6.5)

since the supremum above is a continuous function in the Skorohod metric, see Proposition
A.1. Recall that Qﬁl\l,\’ is the probability measure induced by IF’ v Via the empirical measure.
With this in mind and then adding and subtracting ( ( , N 2IL N H ), expression (6.5) can be
bounded from above by

t
lim P/ [ m.: sup ’(n, JH) — (7', H) —/ (nfv,Nz]LNH)ds‘ >3/2]

N—o0 0<t<T 0

t
+ m P}, EX sup ‘/0 xV, AH - NZ]LNH)ds’ > 5/2].
- <t<

By Lemma 6.1, the first term above is null. Since there is at most one particle per site, the

second term in last expression is bounded by

hm ]P’ﬁN[AT;d ‘AH( )—NZLN(%)‘ > 5/4]
x¢ly

L | [ 5 () cos

0<t<T

> 3/4].

Outside I'y, the operator N 2ILN coincides with the discrete Laplacian. Since H € C 2(’JI“d),
the first probability above vanishes for N sufficiently large. Recall that the number of elements
in 'y is of order N?~!. Applying the triangular inequality, the second expression in the
previous sum becomes bounded by the sum of

Tim B[O IAH | > 3/8] (6.6)
and
Jim Pl oiltlET’/(.) = Z NLy (5 )nstods| > o/8]. ©6.7)

For large N, the probability in (6.6) vanishes. We deal now with (6.7). Let x € I'y. By
definition of Iy, some adjacent bond to x is a slow bond. Thus, the opposite vertex to x with
respect to this bond is also in I'y, see Fig. 5.
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Fig.5 Illustration of sites N-1Td

x,y,z€Ty. W N
, ¥,z € I'y. We note that two

adjacent edges to x are slow

bonds, and two adjacent edges are "\ AL
not. Besides, any opposite vertex
to x will be of the form x £ ¢; /

' /

[

=

Recall the definition of Ly in (3.1). Whenever {x, x — ¢;} neither {x, x + e;} are slow
bonds, the expression

6N v, [HOFD) — H() ]+ 60, [HOSD) - H(E)]

is of order O(N~2) due to assumption H € C 2(T9). Therefore, in (6.7) we can disregard
terms of this kind, reducing the proof that (6.7) is null to prove that

Jim Pl oi?fr‘/ T A(e)ds’>8/16] =0, 6.8)

e={x, }c+e
e is a slow bond

where

Ale) = [aNH’ (H(%) — H(%)) + M]ns(x)

H Lze./ — H xtej X+e
+[ (x Z/N S )+aN‘—ﬂ(H(%)—H( +]))}”S(x+ef)

Since H is smooth, the terms inside parenthesis involving N'~# are of order O(N~#) and
hence negligible. On the other hand, the remaining terms are close to plus or minus the
derivative of H at x/N. We have thus reduced the proof of (6.8) to the proof of

lim ]P’ﬁ sup > 5/32] =0.

Ft Lo | g T o wcre - ne)s

e={x, x+ej)
e is a slow bond

(6.9)

Letto =0 <t <--- <t, =T be apartition of [0, T] with mesh bounded by an arbitrary
& > 0. Via the triangular inequality, if we prove that

ngnoolpﬁ ‘/ e > A HG) (G + e — ) ds| > 3 ]
e—(xx+e)

e is a slow bond
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vanishes, then we will conclude that (6.9) vanishes as well. Therefore, it is enough now to
show that, for any § > 0 and any ¢ € [0, T,

lim Pﬂ

N—o0

8ujH(%)(ns(x+ej)—ns(x))ds‘ > 8] =0.
e={x, x+e}
qua%lowbond

Nd
Markov’s inequality then allows us to bound the expression above by

im 6~'Ef | ’/ T > dHE) (e — ) ds || 6.10)

N—o0
e= (x )r-H }

e is a slow bond

Adding and subtracting n¢ eN (y) and n Ny +e 7), we bound (6.10) from above by

hm 8~ ]Eﬁ ‘/ N 314,'H(%)(77s(x+ej)—77§N(x+ej))dSH
el ( o Eoid
+ hrn 8~ lEﬂ ‘/ N1 3u_iH(%)(n§N(x+ej)—nSN(x))a'sH
i ion v
+ Jim 671E, !f T 2 g HE) Y@ =) ds| .
o= (XX+<’ )

e is a slow bond

-1
Since I{nJN(x—l—e,) nAN(x)}I < 2(f£1>'\,))d = EN ,|Tn|isoforder N4~ and |8, iHlloo < 00,

the second term above vanishes. For the remaining terms, we apply Lemma 5.2, finishing the
proof. O

6.2 Characterization of Limit Points for § = 1

This subsection is devoted to the proof of the next proposition. Keep in mind that Proposi-
tion 5.7 allows us to write 7 (¢, u) = p(t, u)du when considering the measure Qf.

Proposition 6.3 Let H € C*(T?\dA). Forall § > 0,

@[r: sup [¢or. ) ~ (oo, H>—f (ps. AH) ds
0<t<T

// ps(u+)23u,H(u+)<C(u) ej)dSu)ds
Jj=1
(6.11)

/ / ps(u™ )Zau,H(u )E (). ) dS(u)ds

Jj=1

f/a(psm ) N — Hy S IEw, ej)ldSads| > 8] =0.

j=l1
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N~ITY N-ITY

/ofo{aa\

BN
>

€2

€1
Fig.6 In the left, an illustration of the set Iy _, whose elements are represented by black balls. In the right,
an illustration of the sets F'[/V‘liﬁ and l“}]v'r%m for j = 2, whose elements are represented by gray and black

balls, respectively
Let us gather some ingredients for the proof of above. The first one is a suitable expression
for NILy over I'y. Define

I'y.—

s

FNﬂ{xeT‘fv €A} and

(6.12)

Z[= Z=

Fyn{xeTd : & el

Iy.+

Such a notation has been chosen to agree with (2.4). Let us focus on I'y —, being the analysis
for I'y + completely analogous. It is convenient to consider the decomposition I'y — =

U‘;:] FIJV _, where
j j left j right .
Y, =Tryourg™,  with

e: . X+e;
- GAB] and Flj\;rfht = [xeFNV_ : LEAG},

Fj,left
N,- N N

= {x ey, :

see Fig. 6 for an illustration. Note that FJ Mt nd 12 ]e_t are not necessarily disjoint for a
fixed j. Nevertheless, due to the smoothness of dA,the number of elements in the intersection
of these two sets is of order O(N?~2), hence negligible to our purposes. We will henceforth
assume that F;{,’fijgm and Fljvliﬂ are disjoint sets forall j =1, ...,d.

Remark 6.4 At first sight, the reader may imagine that I'y _ is equal to I‘J left F] right gor
any j, or atleast very to close to. This is false, as illustrated by Fig. 6. Moreover fori 75 jand
large N, the sets FIJV’_ and F;v,— in general are not disjoint with a no negligible intersection.

Define now

NLLH () = NV (H(S) — HG) + Nel_, (HCS) — H(3)).
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Then, by By Fubini’s Lemma,

NLyH (5 )ns" (x) = NLy ﬁ (x)
Z (x) eN Z Z J x N

xely - xel'y — j=1

d
=3 X MAHGE @+ Y NAHGE ©] . 613

j=1 Jj.right J.left
FN,— XEFNvi

= /N and &N

xxe

Ifx e F{;;fl}ht, then &£V

Yot = 1, see Fig. 5. In this case,

NLYH () = a(H(S) = H(Z)) =0, H() + 0.

On the other hand, if x € F{;;}ift, then gﬁxﬁj = «o/N and S;Yerej = 1. In this case,
NLLH () = 0, H() +a(H(F) = H(Z)) + o™,

Now, letu : T? — 9 A be a function such that

lu(@) —ull = min v —ull, (6.14)
vedA

and u is continuous in a neighborhood of d A. That is, u maps u € T¢ to some of its closest
points over dA and u is continuous on the set (IA)® = {u € T4 . dist(u, dA) < e} for
some small ¢ > 0. There are more than one function fulfilling (6.14), but any choice among
them will be satisfactory for our purposes, once this function is continuous near d A. With
this mind we can rewrite (6.13), achieving the formula

—— > NLyH(F)nN (x)

XEFN —

= N IZ{ Y [e(reh —H@) g, H@O N g5

EFJ nghl

+ Y [8u_,.H(u_)+ot(H(u+)—H(u_))]an(x)].

el—.j Jleft

plus a negligible error, where by H(u™) and H(u™") are the sided limits of H at u. The
dependence of u on x /N will be dropped to not overload notation. Defining

J o Jleft Jj,right .
Py, =Ty Uy, with

X +ej X —ej

j,left
r’
N, N

+:[X€FN_+:

EA] and F{;,’ffht: [.XGFN,JF : EA] s
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we simi]arly have

oY NLyH(3)mN )

XEFN +

d
1_1§[ > o H@) ta(re) - H@) V@ o

Jj.right
xelly

+ [ H(u~ )—H(u*))—au,H(u+)] (x)}.
el"l(]lift

The second ingredient is about convergence of sums over 'y towards integrals over
dA. Let us review some standard facts about integrals over surfaces. Consider a smooth
compact manifold M C R? of dimension (d — 1). Assume that M is the graph of a function
f: R C R - R, thatis, M = {(x, f(x)) : x € R}. Then, given a smooth function
g : M — R, the surface integral of g over M will be given by

dx
ds(u) = . Tcos(v(x. FOM|
/M gw) dS) fR 8% f O & F o

dxy - -dxg_q

HE X1, Xa—1), ea)|

(6.17)

= /I;g(xl,...,xd,l,f(xl,...,xd,l))

where y(x, f(x)) is defined as the angle between the normal exterior vector § u) =
(x 1s...,Xq—1) and ey, the d-th element of the canonical basis of R4, Of course, a manifold

in general is only locally a graph of a function as above. Nevertheless, the notion of partition

of unity allows to use this local property to evaluate a surface integral. Recall the definition

of u given in (6.14).

Lemma 6.5 Ler g : A\(DA) C T¢ — R be a function which is continuous near d A with an

extension to A which is also continuous near 0 A. Then,

- 1
faAg<u*)|<;(u),e,->|dS(u) = Jim o >0 ely) and (6.18)
er‘{,__
1
/a g ) (L), e;)dSu) = 7= 1[ > g3 - D0 g(%)]. (6.19)
xer)e xerj

Analogously, if g : AC cTd 5 Ris a function which is continuous near d A with an
extension to the closure of AC which is also continuous near dA, then

- . 1 .
[ s enasw = gim i ¥ s() and 6.20)
er‘f\,v_*_
P 1 1 X X
[ sehEw.epdsw - ngnwﬁ[ ROR X:Ifg(N)]. 621)
erfren xerf

Proof In view of the previous discussion, we claim that

! h(xy) / -
lim i, — | h@H)dSw). (6.22)
N—oo N4-1 ; (¢ (u(x)). e;)| A : !
xel'y, _
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for any continuous function 2 : A — Rsuchthat/(u) = Oontheset{u € 9A : (Z(u), ej) =

0}. This is due to the fact that the sum in the left hand side of (6.18) is equal to a Riemann

sum for the integral on the right hand side of (6.17) modulus a small error. To see this, it is

enough to note thatif x € I'y —, then x /N is at a distance less or equal than 1/N to 0 A, and

recall that A is compact, thus any continuous function over A is uniformly continuous.
Consider now the function 2 : A — R given by

hw) = g) (£ (u()), e;)].

Since u(u) = u foru € dA, we have that h(u) = 0 on the set {u € IA : (Z(u), e;j) = 0}.
Then, considering this particular function /4 in (6.22) leads to (6.18). The limit (6.19) can be
derived from (6.18) noticing that, for N sufficiently large,

o if x € T then (¢ (u(x/N)). ;) > 0 and
o if x € I then (C (u(x/N)), ¢;) <0,

see Fig. 5 for support. The proofs for (6.20) and (6.21) are analogous. O

Proof of Proposition 6.3 The fact that boundary integrals are not well-defined in the whole
Skorohod space D([0, T], M) forbids us to directly apply Portmanteau’s Theorem. To cir-
cumvent this technical obstacle, fix ¢ > 0 which will be taken small later. Adding and
subtracting the convolution of p (¢, #) with the approximation of identity ¢, defined in (5.14),
we bound the probability in (6.11) by the sum of

t
Qf[x: sup ]<p,,H>—<po,H>—fO (ps. AH) ds

0<t<T

t d
- /0 /BA% 1) b)Y 0 HW ) (C (), ej) dSu)ds

j=1

¢ d
+/0/ (,Os*ts)(u_)ZaujH(u_)(Z(u),ej‘)dS(u)ds (6.23)
IA

j=1

t
+/ / a((ps *tg)(u™) — (o5 * LS)(M+))
0 JoA

d
X (H@") = H@) Y [E @), )| dSwds| > 5/2]

j=1

and

t d
Qffr.: sw | /0 /) (o x@h = ")) ST H@HE W, ¢) dSwrds

0=<t<T j=1

! d
- ./0 /31\ ((/Os *e)) = 'OS(M_)) Z 0u; H(u™)(¢ (), ej) dS(u)ds
Jj=1

! d
- /(; /E)A a((ps * 1)) — Ps‘(u_))(H(M+) —Hw™)) Z [(Z (u), €j>| dSw)ds

Jj=1
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t
[ [ altorwn = pa)
0JoA

d
x (Hub) — Hw™)) Z [(¢ (), ej)IdS(u)ds‘ > 8/2]. (6.24)
j=1
where (, and the convolution ps * t, were defined in (5.15). Adapting results of [I1,
Chapter III] to our context, the reader can check that functions in the Sobolev space
L*([0, T1; H'(T9\dA)) are continuous in T?\dA. Thus, Lemma 5.7 gives us that (6.24)
vanishes as ¢ — 0. It remains to deal with (6.23). By Portmanteau’s Theorem, (6.23) is
bounded from above by

t

lim Q [ .:Osup ‘(n,,H)—(m),H)—fO (s, AH) ds
<t<T

/ / (s *ze)(uﬂzau,ﬂ(u*)@(u) e dS(u)ds

j=1
/ / (g % 16) (™ )Zau,mu YE (W), ej) dS()ds

j=1

t
+// a (75 * Le)(u™) — (15 % 1) (u™))
0JoA

d
X (H@H—H@ ) Y 1E @), ) dSads| > 3/2],
j=1

since the supremum above is a continuous function in the Skorohod metric. Now, recalling that
in]y is the probability induced by Pﬁ v Vvia the empirical measure, adding and subtracting
(JTSN, N2LyH), adding and subtracting ﬁ errN NILNH(%)an(x), applying (5.16)
and the Lemma 6.5, we can bound the previous expression by the sum of

t
fim PﬁN[ sup ’(ntN,H)—(néV,H)—/ (nSN,N2ILNH)ds‘ >3/8], (6.25)
N—o0 0<t<T 0

B 2 L X
Jim P OiltlET‘/ Z N LyH (%) (N))m(x)ds >8/8], (6.26)
Jim PﬁN[Ong T / S° NLyH(F) 00 — ¥ @y ds| > 58] 6.27)

xel'y

and

hm ]P)ﬁN[ sup ’/ Z NILNH( ) iN(x)dS

O=r=T xel'y

+Z/ ~aT nEN (x)3, H(u™) ds

l_,j nghl

—Z/ Ndl Z 0N (x)d,, H(u™) ds

1—, Jleft
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d .
1
Y[ g X wa, s
j=1

Er)i\;rifhl
d_ i
+Z/ Nd—T Y N, Hwh)ds
j=1 0 XEFj,lef(
Z/Nd 1 Z anN(x)(H@") — H@u))ds
xel"j

—Z/Nd : Z ant (x)(H(u+)—H(u_))ds—i-err(N)‘ >8/8], (6.28)

xeFN+

where err(N) is a error that goes in modulus to zero as N — oo. Proposition 6.1 tells us
that (6.25) is null. The approximation of the continuous Laplacian by the discrete Laplacian
assures that (6.26) is null. Since NLLy H is a sequence of uniformly bounded functions,
Lemma 5.4 allows we conclude that (6.27) vanishes as ¢ \ 0. Finally, provided by formulas
(6.15) and (6.16) and recalling the decomposition I'y = I'y + U I'y _, we can see that,
except for the error term, all terms inside the supremum in (6.28) cancel. This concludes the
proof. O

6.3 Characterization of Limit Points for 8 € (1, oc]

Proposition 6.6 Ler H € C2(T?\dA). Forall § > 0,

t
@f[ﬂ.: sup ‘(pz,H)—wo,H)—/ (ps, AH)ds
0<t<T 0

t d
- @S 0, Huh(C, e;)dSw)d
/0 /aAp(u )]X:; G H W )¢, ej)dS(u)ds (6.29)
t d .
+ s )Y 0, Hu )L, ej)dSuyds| > 8 | = 0.
/o/aAp(” ); JHWO)E. e) dS@ds| > 5]

Proof The proof of this proposition is similar, in fact, simpler than the one of Proposition 6.3.
In this case,

- Y. NLyH(3)uN )

XEFN —

Iy

[otNl—ﬁ (Hu") — H@™)) — 3u./H(u_)]n§N(x) (6.30)

=1 Jj.right
J xely's

+ > [aujH(u*)+aN1*ﬁ(H(u+)—H(u*))]n;?N(x)}.

Jleft
xeFNy_
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and

j:l ghl

d
= - Z{ Z [aujH(u+)+aN1—ﬂ(H(u—)—H(u+))]n§N(x) 631)
F

+ Y [aleﬁ(H(u*)—H(uﬂ)—aujH(uﬂ]nf.N(x)}.

Jleft
S

Since B € (1, oo], we conclude that all terms above involving « disappear in the limit as
N — oo. Noting that there are no surface integrals in (6.29) involving «, it is a simple game
to repeat the steps in the proof of Proposition 6.3 to finally conclude (6.29). m}

7 Uniqueness of Weak Solutions

The hydrodynamic equation (2.3) is the classical heat equation, which does not need any
consideration about uniqueness of weak solutions. Thus, we only need to guarantee that
weak solutions of (2.5) and (2.6) are unique.

Let us trace the strategy for the proof of uniqueness, which works for both (2.5) and (2.6).
Considering in each case 8 = 1 or 8 € (1, o] a suitable set of test functions, we can annul
all surface integrals. Being more precise, consider the following definitions:

Definition4 Let ®R°® — L2(T9) be the set of functions H : T¢ — R such that H (1) =
hi () 1a ) + ho ()18 (u), where

(i) h; € C3(T9) fori = {1, 2}.
d
(i) (Vhi(u), @) = (Vha(u), S w)) = (ha(u) — h1(u)) ZI C(u),ej)|,Yu € dA.
j=1
Define the operator £RP : RO . 12(T4) py

Ahi(u), if ueA,

Rob _
£THW = {Ahz(u), if ueAl.

Definition 5 Let ©Ne < 1.2(T9) be the set of functions H : T¢ — R such that H () =
Ry ) 1a () + ho ()18 (u), where:

(i) hi € C*(T?) fori ={1,2}. _
(i) (Vhi(w), E)) = (Vha(u), L (w)) =0, Yu € dA.

Define the operator £N¢% : ®Nev . 1.2(T9) by

Ahy(u) if ueA,

Neu _
£THW = {Ahz(u) if ueAl.

It is straightforward to check that, if p is a weak solution of (2.5), then

t
(pr, H) — (po, H) —/(ps,sR"bmds =0, VHe®* vie[0, 7], (7.1
0
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while, if p is a weak solution of (2.6), then
t
(pr, H) = {po, H) — / (ps, NH)ds = 0, YHeDN" vre[0,T]. (7.2
0

In both cases, if an orthonormal basis of L%(T¢) composed of eigenfunctions for the cor-
responding operator (associated to nonpositive eigenvalues) is available, this would easily
lead to the proof of uniqueness, as we shall see later. However, this is not the case. So, to
overcome this situation we extend the corresponding operator via a Friedrichs extension (see
[12] on the subject) to achieve the desired orthonormal basis.

Let us briefly explain the notion of Friedrichs extension. Let X be a Hilbert space and
denote by (-, -) and || - || its inner product and norm, respectively. Consider a linear, strongly
monotone and symmetric operator A : ® C X — X, where by strongly monotone we mean
that there exists ¢ > 0 such that

(AH,H) > c|H|?, VHeD.

Denote by (-, -)g(4) the so-called energetic inner product on ® associated to A, which is
defined by

(F,G)eay = (F, AG).

Let frieq be the set of all functions F in X for which there exists a sequence {F;, : n > 1}
in © such that F;, converges to F in X and F), is Cauchy for the inner product (-, -)g(4). A
sequence {F, : n > 1} with these properties will be called an admissible sequence for F.
For F, G in fried, let

(F, G)Fried = lim (Fy, Gp)ga) » (7.3)
n—0o0

where {F, : n > 1}, {G,, : n > 1} are admissible sequences for F and G, respectively.
By [12, Proposition 5.3.3], the limit exists and does not depend on the admissible sequence
chosen and, moreover, the space ##jeq endowed with the scalar product (-, -)Frieq is a real
Hilbert space, usually called the energetic space associated to A.

The Friedrichs extension Afyied : DFried — X of the operator A is then defined as follows.
Let Dprieq be the set of vectors in F' € J#fyieq for which there exists a vector f € X such
that

(F,G)Fried = (f,G), VG € Htried -

and let Aprieq F = f. See the excellent book [12] for why this operator Afpyied : DFried — X
is indeed an extension of A : ® — X and more details on the construction. The main result
about Friedrichs extensions and eigenfunctions we cite here is the next one.

Theorem 7.1 [12, Theorem 5.5C] Let A : © C X — X be a linear, symmetric and strongly
monotone operator and let Afprieq © ®Frieda S X — X be its Friedrichs extension. Assume
additionally that the embedding 7%yieq — X is compact. Then,

(a) The eigenvalues of —Afprieq form a countable set 0 < ¢ < puy < pp < --- with
lim,,_ o iy, = 00, and all these eigenvalues have finite multiplicity.
(b) There exists a complete orthonormal basis of X composed of eigenvectors of AFyieq-

Denote by I the identity operator. If £ : ® € X — X is a symmetric nonpositive operator,
then — £ : ® — X is symmetric and strongly monotone with ¢ = 1. In fact,

(I-9H,H) = |H|*+(-£H,H) > |H|*, VHeD.
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Therefore, under the hypothesis that £ : ® € X — X is a symmetric and nonpositive linear
operator, we may consider the Friedrichs extension of (I — £).

Proposition7.2 Let £ : ® € X — X be a symmetric nonpositive operator. Denote by
I — ©)Fried : DFriea — X the Friedrichs extension of (I — £) : ® — X and by HFyieq the
corresponding energetic space. Assume that the embedding Htvieq — X is compact. Then,
there exists at most one measurable function p : [0, T] — X such that

sup |[[pf]l < oo (7.4)
1€[0,T]

and
t
(pz,H>—<po,H>—/ (ps, LH)ds = 0, YHe®,Vte[0,T].
0
where py is a fixed element of X.

Proof Consider p', p% two solutions of above and write p = p! — p2. By linearity,
t
(ps, H) —/ (ps, LH)ds = 0, VHe®,Vte[0,T].
0

which is the same as

t

t
(pz,H)+/ <ps,(11—£)H>ds—/ (ps, Hyds = 0, VHe®,Vtel0,T].
0 0

Since DFried S HFried, the last equation can be extended to

t t
(pt»H>+/ (Ps,(H—E)FriedH)dS—/ (ps, HYyds = 0, VH € DFfed, Yt € [0, T].
0 0
(7.5)

By Theorem 7.1, the Friedrichs extension (I — £)Fried : Drried — X has eigenvalues 1 <
A1 < Ay < ---,all of them having finite multiplicity with lim,_, -, A, = 00, and there exists
a complete orthonormal basis {W};en of L*(T%) composed of eigenfunctions. Denote

Lhried = I — (I — £)Fried -

Thus, {¥}en is also a set of eigenfunctions for the operator £fieq Whose eigenvalues are
givenby p; =1 —A; < 0. Define

R = —— (o1, Vi f 0,7].
®) ? ]: Ay e ) fort <1071

Since p satisfy (7.5), we have that

d
— (oW = 2o, Wi o, Srrea¥)) = 208401, ¥))?. (7.6)
By (7.4) and the Cauchy-Schwarz inequality, we have that

[e.¢] [e.¢]

2luj] ) 2luj] )
(oW = Y (Csup o) < oo,
2 P L ’

=1 =) = 1€[0.7]

@ Springer



Hydrodynamic Limit for the SSEP with a Slow Membrane

which together with (7.6) implies that
d 2 2u;
—R() = > ———(p,¥;)> <0.
di ;2(1—“» v

Since R(t) > 0, R(0) = 0,anddR/dt < 0, we conclude that R(t) = Oforallz € [0, T] and
hence {p;, \I/‘,-)2 = Oforany ¢ € [0, T]. Due to {¥;} jen be a complete orthonormal basis of
X, we deduce that p = 0, finishing the proof. |

In view of (7.1) and (7.2), considering X as the Hilbert space L*(T¢) and applying the
last proposition, to achieve the uniqueness of weak solutions of (2.5) and (2.6) it is enough
to assure that

(1) The operators [— £Rob : DRob ¢ r2(Tdy 5 [2(T9) and [— gNev : pNev ¢ 12(T9) —
L?(T9) are symmetric nonpositive linear operators.

(2) Denoting by jfj}}i‘éz and %ﬁz‘é their respective energetic spaces, the embeddings

HRO < L2(T?) and /4N — L*(T9) are compact.
This is precisely what we are going to do in the next four propositions. Denote by E (u) =

—E (u) the normal exterior vector to the region Al atu € 9A. Recall that (-, -) is used for
both the inner products in L?(T%) and in R?.

Proposition 7.3 The operator — R : DR . [.2(T4) js symmetric and nonnegative.

Proof Let H, G € DR, We can write H = hi1, + 7218 and G = g1, + 218, where
hi,ha, g1,82 € C3(T9). By the third Green identity (see Appendix A, Theorem A.2),

[, nag - ganyau = [ (mve.?)-g(vn.2))ds,
Td A
where d S is an infinitesimal volume element of d A. Thus,

(H, —LRG) =(h 15 + hal,c. —Agi1s — Agol,c)

:—/ hlAgldu—/ thgzdu
A AC

:—/ glAhldu—/ (hl(Vglvz)_gl(VhlaZ:))dS
A

A

- /AG g2Ahy du — /a/\ﬂ (hz(ng,& - gz(Vh2,2>> ds

=—f glAhldu—/ (m(Ver &) —g1(Vh1, §)) ds
A 0A
—/AG nghzdu—ch (824Vh2.8) = h2(Ve2. 7)) S

Using the boundary condition in the item (ii) of Definition 4 and dAC = 3 A, we conclude
that the last expression above is equal to
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—/ g1Ah1du—/ g2 Ahs du
-/ ((hl—hz)D F eple2—e0—Gg1 — ) S 1.l — h)as

j=1

—/ g1Ah1du—/Gg2Ah2du.

Then, (H, —€RG) = — [, giAhidu— [, g2Ag du = (—LR°®H, G). For the nonneg-
ativeness, note that

(H, —gRPpy = —/ hlAhldu—/ haAhs du
A AC

=f |Vh1|2du+f |Vh2|2du—/ ((VR1.E)hy + (Vh2, © ) dS
A AC IA

where the second equality above holds by the second Green identity, see Appendix, Theorem
A.2, and 8(AB) = JdA. Since fA |Vhi|>du > 0, for i = 1,2, it is enough to check that

—f8A<Vh1, Viy +<Vh2,;>h2) dS > 0.In fact,

— [ (cwh i+ (T Eha)as = = [ (19h B (T2, Epha) as
A A
d
= [ I ep(thn = ook = (ha — o )as
(N

d
=2 SCIG.epltha—hi?ds = 0.
=1

where the second equality holds by item (ii) of Definition 4. O
Proposition 7.4 The embedding %3 — L*(T?) is compact.

Proof Let {H,} be a bounded sequence in %”Flfi‘ég. Fix {F,} a sequence in DRb gych that
|F, — H,]]| — 0 when n — oo and {F,} is also bounded in ,}fl’}}i‘ég. Thus, to show the
compact embedding we need prove that {H,} have a convergent subsequence in L?(T%). To
get a convergent subsequence of {H,}, it is sufficient to find a convergent subsequence of
{F,}in L2(T%). Write F, = fyla + ful,c, with f,, i € C?(T%). Then,

(Fu. Fn)gq_grovy = (F, Fu) + (Fy, —€RCF,)

= (fula + falye. fula + falye) + (fala + fulyo. —Afula — Aful,c)

Expanding the right hand side of above and using Green identity (see Appendix A, Theorem
A.2), we get that

/Af,?du+/Ac fnzdu—fAanf,,du—/Ac FoAFydu

= [ fudall> + 1 fd e I* + IV £ dall> + IV ful \c I

d
+2 [ UG eIh - fids.
i=1
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Under the hypotheses of boundedness of the sequence {F,} in the norm induced by
(, ) eq_grov), the sequences {|| fu1a 1%}, {l ful yel1*} {IV fu1all?} and {||V fu1,c %} are
bounded. By the Rellich-Kondrachov compactness theorem (see [3, Theorem 5.7.1]), { f, 14},
{ ﬁ, 1,c} have a common convergent subsequence in L?(T%). This implies that {F,} has a
convergent subsequence. O

Proposition 7.5 The operator — &N : ©NeU s [ 2(T4) js symmetric and nonnegative.

Proof Let H, G € ©NeU. We can write H = i1, + hzlg\ and G = g115 + gzlg\, where
hi,h2, 81,8 € C 2(']I“‘{). By the third Green identity, see Appendix A, Theorem A.2, we
have that

/ hAgdu — g Ahdu =/ h(Vg,l)—g(Vh,C)dS = 0,
Td A

where d S is the infinitesimal volume element of 0 A. Thus,

(H, —£NG) = (h11p + hol,0, —Agi1a — Agol,¢)
= —/ hiAgidu —/ hyAgrdu = —/ g1Ahdu —/ @ Agdu = (—ENVH, G).
A AC A AC

For nonnegativeness,

(H,—LAH):—/ hlAhldu—/ thhzdu:/ |Vh1|2du+/ [Vha|>du > 0,
A AC A AL

where the second equality above holds due to the second Green identity, see Appendix A,
Theorem A.2. O

Lemma 7.6 The embedding %];Ili‘; < L2(T%) is compact.

Proof Let {H,} be a bounded sequence in .2#N®", Fix a sequence {F, } of functions in DN
such that || Fj, — H, || = 0 when n — oo and {F},} is also bounded in )fFIjg(]i Thus, to show
the compact embedding we need to prove that { H,, } has a convergent subsequence in L (T%).
To get a convergent subsequence of { H,}, it is sufficient to find a convergent subsequence of
{F,}in L2(T). Write F, = f,1a + ful,c, with £, € C2(T). Then,

(Fas Fa)ggeny = (Fi. Fa) + (Fy, =S¥ Fy)
= (fula + fnlAG, fula + .fnlAG> + (fula + fnlAc’ Al — AfnlAG>-

Expanding the right hand side and using Green identity, see Appendix A, Theorem A.2, we
get that

~2 ~2 o~
/f,fdu+f i du—/ anfndu—/ 72 ATy du
A AC A AC
= [ fudall> + 1 fad e I? + IV £ dall* + IV ful ol

Under the hypotheses of boundedness of the sequence {F,} in the norm induced by
(- ) egneny, the sequences {[| fulal?), (I flyc 1%} (1Y fulall?) and {IIV £l ¢ 1% are
bounded. By the Rellich-Kondrachov Compactness Theorem, { f, 14}, { fnl A} have a com-
mon convergent subsequence in L2 (T%). This implies that { F;, } has a convergent subsequence.

O
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Appendix A: Auxiliary Results

Proposition A.1 ([5]) Let G, G2, G3 are continuous functions defined on the torus d-
dimensional T¢. Then, the application from D([0, T], M) to R that associates to a trajectory
{m; : 0 <t < T} the number

sup [, Gi) = (0. Go) = [ (. G

0<t<T

is continuous in the Skorohod metric of D([0, T], M).

Theorem A.2 (Green’s formulas, see for instance Appendix C of [3]) Ler u,v € CX(0),
where U is a bounded open subset of R", and U is C'. Denote by - the inner product in R",
and by v the normal exterior unitary vector to U at dU. Then,

() [y Audx = [, 34ds,
(ii) [, Vv-Vudx = — [ulvdx + [, 3uds,

v

(iii) [, uAv—vAudx = [, ud" —v3ds.
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