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Abstract

We analyze the equilibrium fluctuations of density, current and tagged particle in symmetric exclusion
with a slow bond. The system evolves in the one-dimensional lattice and the jump rate is everywhere
equal to one except at the slow bond where it is an~P, witha > 0, B € [0, 4+oc] and n is the scaling
parameter. Depending on the regime of B, we find three different behaviors for the limiting fluctuations
whose covariances are explicitly computed. In particular, for the critical value 8 = 1, starting a tagged
particle near the slow bond, we obtain a family of Gaussian processes indexed in «, interpolating a fractional
Brownian motion of Hurst exponent 1/4 and the degenerate process equal to zero.
© 2013 Elsevier B.V. All rights reserved.
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1. Introduction

The exclusion process is a standard interacting particle system, widely studied in Probability
and Statistical Mechanics. Informally, such model corresponds to particles performing
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continuous time random walks in a lattice, except when a particle tries to jump to an already
occupied site. In such case, the jump is forbidden and the particle has to wait a new random
time.

There is an intensive research on the behavior of exclusion processes in many different
aspects and from varied points of view. In particular, on the behavior of exclusion processes
in random/non homogeneous medium, see for instance [2—4,6].

In this paper we analyze the fluctuations of the one-dimensional symmetric exclusion process
with a slow bond, for which the hydrodynamic limit was treated in [4,5]. The dynamics of
this model can be described as follows. On the one-dimensional lattice, it is allowed at most
one particle per site. To each bond is associated a Poisson clock. When this clock rings, the
occupation variables at the vertices of the bond are interchanged with a certain rate. Of course,
if both the sites are occupied or empty, nothing happens. All bonds have a Poisson clock of
parameter one, except one special bond, the slow bond, in which the Poisson clock has parameter
an~?, where a > 0, B € [0, +oc] and n is the integer scaling parameter. At the end n leads to
infinity. The process starts from the equilibrium measure, namely a Bernoulli product measure
of parameter p € (0, 1), and it is seen in the diffusive time scale, or else, in times of order n2.

We are concerned with the fluctuations, that is, the Central Limit Theorem (C.L.T.) for the
density, the current of particles through a fixed bond and the tagged particle. Such results are
well known for the classical symmetric exclusion, where all the Poisson clocks have parameter
one. For the density, the fluctuations are given by a generalized Ornstein—Uhlenbeck process,
while the fluctuations of the current and the tagged particle are both given by the fractional
Brownian motion of Hurst exponent 1/4, see [11,13].

The introduction of the slow bond changes dramatically the scenario. Not so intuitively, the
value = 1 is critical. For 8 € [0, 1), we obtain ipsis litteris the same results for the fluctuations
of the symmetric exclusion just mentioned. This means that, in this case, the jump rate at the
slow bond is not sufficiently strong in order to change the macroscopic behavior of the system.
Nevertheless, the proof of this result is not straightforward and requires a Local Replacement
which is sharp for this regime of B. For 8 € (1, 4-00], it is proved here that the fluctuations of the
density are driven by the semigroup of the heat equation with Neumann’s boundary conditions.
This means that for this regime of g, the slow bond splits the system into two separate regions in
which the macroscopic dynamics evolves independently.

Finally, at the critical value 8§ = 1, we prove that the density fluctuation field converges to
a generalized Ornstein—Uhlenbeck process driven by the semigroup of the partial differential
equation

du(t,x) = 92 u(t, x), >0, x eR\ {0}
Aeu(t,0M) = dou(t,07) = af{u(,0) —u,07)}, >0 (D)
u0,x) = gx), xeR

if the slow bond is located near the origin. If the slow bond is located elsewhere, the result
is the same, but with the boundary conditions stated above for the corresponding macroscopic
point. We remark that the last equation is similar to the heat equation with a boundary condition
of Robin’s type, but relating the positive and negative half-lines. Notice that, for this regime
of B, the parameter o survives in the limit. In the case « = 1, we characterize explicitly the
Ornstein—Uhlenbeck process obtained in [3]. More precisely, the authors of [3] consider the
process evolving on T, take a general measure W and prove that the density fluctuation field
converges to an Ornstein—Uhlenbeck process, which is not explicit. Taking W as the sum of the



4158 T. Franco et al. / Stochastic Processes and their Applications 123 (2013) 41564185

Lebesgue measure and a delta of Dirac and considering the process evolving in infinite volume,
we give an explicit description of the aforementioned process.

Knowing the density fluctuations, we obtain, for the three regimes of g, the corresponding
current fluctuations and we compute explicitly the covariances for the limiting Gaussian
processes. It is worth remarking the behavior of the fluctuations of the current through the
slow bond. For 8 € [0, 1) we get a fractional Brownian motion of Hurst exponent 1/4 and
for B € (1,+4o00] we get the degenerate process equal to zero. For B = 1, the current
fluctuations are given by a family of Gaussian processes indexed in « interpolating the fractional
Brownian motion of Hurst exponent 1/4 and the degenerate process equal to zero. By this,
we mean that we can recover these two processes from the case 8 = 1 by taking the limit as
o — 4oo or as @ — 0, respectively, being the convergence in the sense of finite dimensional
distributions.

Finally, as a consequence of the previous result, it is straightforward to obtain the C.L.T. for
a tagged particle. In this case, we consider as initial measure the Bernoulli product measure
conditioned to have a particle at a given site. Therefore, the system is no longer in equilibrium,
but anyhow we can use the previous result to deduce the behavior of a tagged particle in this non-
equilibrium situation. Following [7,10] and since we are in dimension one, the aforementioned
result follows from relating the position of a tagged particle with the current and the density of
particles.

The paper is divided as follows. In Section 2, we introduce notation and state the results. In
Section 3, we present the C.L.T. for the density of particles. In Section 4, we get an explicit
formula for the semigroup of (1). In Section 5 we give a martingale characterization of the
generalized Ornstein—Uhlenbeck processes obtained in the fluctuations of the density of particles.
In Section 6, we prove the C.L.T. for the current. Section 7 contains some useful estimates that
we will use along the text.

2. Definitions and main results
2.1. The model

The symmetric simple exclusion process with conductances & | > 0 is a Markov process

{n; : t > 0}, with configuration space 2 := {0, 1}2. We denote by 7 the configurations of the
state space {2 so that n(x) = 0, if the site x is vacant, and n(x) = 1, if the site x is occupied. Its
infinitesimal generator ., acts on local functions f : 2 — R as

(L)) =Y &t £ = @], @)
X€EZL
where n***1 is the configuration obtained from 7 by exchanging the occupation variables 7 (x)
and n(x + 1):
nx+1, ify=x,
o) = 0@,  ify=x+1,

n(), otherwise.
We define the symmetric exclusion with a slow bond at {—1, 0} by taking the conductances as

g . om_ﬁ, ifx =-—1,
xx+l T otherwise.
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We notice that when 8 = 0 and « = 1, the process becomes the well known symmetric simple
exclusion process. We are interested in analyzing the behavior of the process when @ > 0 and
B € (0, +o0].

A simple computation shows that the Bernoulli product measures {v, : 0 < p < 1} are
invariant, in fact reversible, for the symmetric simple exclusion process with conductances, in
particular also for the considered process. More precisely, v, is a product measure over {2 with
marginals given by v,{n : n(x) = 1} = p, for x in Z.

Denote by {n,,2 : t > 0} the Markov process on {2 associated to the generator n*.%,. Let
2R+, 2) be the path space of cadlag trajectories (continuous from the right with limits from
the left) with values in (2. For a measure u, on {2, denote by 4 ., the probability measure on
PR+, 2) induced by the initial state u, and the Markov process {n,,2 : ¢ > 0}. Expectation
with respect to ]P’ﬁn will be denoted by Eﬁn. To simplify notation, we will denote ]P’e , by Pg
and we do not index Pﬁn nor Eﬁn in «. We define also x(p) = p(1 — p), the so-called static
compressibility of the system.

2.2. The operators Ag and Vg
We introduce some spaces we will use in the sequel.

Definition 2.1. Let L%(R) be the space of functions H : R — R with ||H|2,5 < +00, where
H (u)*du, if g #1

IHI3 5 =
g H@u)*du + H(©0)?, ifg=1.
R

Notice that, for 8 # 1, the norm || - ||2, g is the usual L?(R)-norm with respect to the Lebesgue
measure that we denote by A. For simplicity in this case we write || - ||». For 8 = 1, the norm
112, is the LZ(R)-norm with respect to the measure A + &g, where §,, denotes the Dirac measure
at the point u € R.

In the sequel, given H : R — R, we denote

HO) = u11_1>101 Hu) and H(O):= 111_{101 Hu),

u>0 u<0

when the above limits exist. For k € N, we denote by H (k) (x), the kth-derivative of H at the
point x € R. For k = 0, H© (x) means H (x).

Definition 2.2. Define (R \ {0}) as the space of functions H : R — R such that H €
C*®°(R\ {0}), H is continuous from the right at x = 0 and H satisfies

[Hlke == sup |1+ x|)HP @) < oo,
xeR\{0}

for all integers k, £ > 0 and H® (07) = H® (01), for all k integer, k > 1.

Next, we present the domains for Ag and Vg.

Definition 2.3. For 8 € [0, 1), we define #3(R) as the subset of (R \ {0}) composed of
functions H satisfying

H(@O™) = HOM).
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Notice that the space above is nothing more than the usual Schwartz space .#(R). Fix now
o > 0.

Definition 2.4. For 8 = 1, we define .“5(R) as the subset of .#(R \ {0}) composed of functions
H satisfying

HD 0 = HO©0) = a(H(O*) _ H(O’)).

Definition 2.5. For 8 € (1, +-00], we define .73(R) as the subset of /(R \ {0}) composed of
functions H satisfying

HY 00" =HD0) =0.

Proposition 2.1. For any chosen B € [0, +00], the space Sg(R) is a Fréchet space.

The definition of a Fréchet space can be found, for instance, in [14]. The proof that . (R \ {0})
is a Fréchet space follows the same lines of that of [14] for the usual Schwartz space . (R), and
for that reason it will be omitted. Since the spaces 5 (R) are closed vector spaces of /(R \ {0}),
this implies they are also Fréchet spaces. We notice that along the paper we only use this fact
when we invoke the result of [12] about tightness of stochastic process taking values in Fréchet
spaces.

Definition 2.6. We define the operators Ag : S3(R) — “(R) and Vg : S3(R) — Z(R) by

HVYw), ifu+0, H® W), ifu#0,

Vo H ) =
pH ) {H<1>(o+), ifu=0, HP "), ifu=0.

and AgH(u) = {

Notice that the operators Vg and Ag are essentially the usual derivative and the usual second
derivative, but defined in specific domains.

2.3. Hydrodynamic limit, PDE’s and semigroups

The hydrodynamic limit for the exclusion process with a slow bond was already studied in
[4,5]. We state it here for completeness. Let g : R — [0, 1] be a piecewise continuous function
and suppose that there exists a constant C, such that g — C, has compact support. Let n € N be
a scaling parameter. We define a probability measure ©” in {2 by

4
W@y =1,....,nG@) =1) =[] eG/n),
i=1

for any set {z1,...,z¢} € Zand £ € N. Let {n,,2; t > 0} have initial distribution ©". We define
the empirical measure {m]'; t > 0} as the measure-valued process given by

1
7 (dx) = - Y M2 ()8 (dx).

X€Z

In words, the empirical measure represents the time evolution of the spatial density of particles.
Now, let .Z_. be the space of positive measures on R with total mass bounded by one, endowed
with the weak topology.

Theorem 2.2 (Franco, Gongalves, Neumann [4,5]). For any B € [0, +00] and for any T > 0,
as n — o0, the sequence of measure valued processes {m['(dx); t € [0, T]},en converges in
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probability with respect to the Skorohod topology of ([0, T1, #+(R)), to some {u(t, x)dx; t €
[0, T1}. Moreover,

e For B € [0, 1), {u(t,x);t =0, x € R} is the unique weak solution of the heat equation

3)

du(t,x) =02 u(t,x), t>0,xeR
u(0, x) = g(x), x € R.

o For p = 1, {u(t,x);t > 0,x € R} is the unique weak solution of the heat equation with a
boundary condition of Robin’s type at x = 0

du(t, x) =02 u(t, x), t>0,x R\ {0}
deu(t,0) = d,u(r,07) = afu(t,07) —u(@,07)}, >0 (4)
u(0, x) = g(x), x eR.

e For B € (1,+o0], {u(t,x);t = 0,x € R} is the unique weak solution of the heat equation
with a boundary condition of Neumann’s type at x = 0

du(t, x) = 02 u(t, x), t>0,xeR\{0)
dyu(t,0M) = 0,u(r,07) =0, >0 (5)
u(0, x) = g(x), x e R.

The previous theorem corresponds to Theorem 4.1 of [4] and Theorem 2.1 of [5], considering
the process evolving in finite volume (periodic). However, the proof for infinite volume is the
same, aside from some topological adaptations. The definitions of weak solutions of Egs. (3)—(5)
are the same as given in [5] for the finite volume case, with the additional usual assumption that
the test functions are compactly supported.

Each one of the partial differential equations mentioned above is linear. As we will see later,
in order to prove the existence of an Ornstein—-Uhlenbeck process with characteristics Ag and
Vg, we will make use of the explicit expression for the semigroups corresponding to Ag. The
semigroup of (3) is classical and it acts on g € #g(R) with 8 € [0, 1) given in Definition 2.3,
as

Tig(x) = Ea g(y)dy, for x € R. (6)

e

The semigroup of (5) is also known and it acts on g € 3(R) with 8 € (1, 4+o0] given in
Definition 2.5, as

_a-p? ‘)2 +p?

+e & ]g(y)dy, for x > 0,

Y}Neug(x) — \/
Vart Jo

Denote by geven and gogq the even and odd parts of a function g : R — R, respectively, or
else, for x € R,

(7

- })2 a+n?

+e A ]g(—y)dy, forx <0.

8even(X) = w and  godd(x) = M
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Proposition 2.3. The semigroup of (4) acts on g € Sg(R) with B = 1 given in Definition 2.4,

as
: {/ T geven (1)
e g y)ay
Jart | Jr even

Lo /*OO 20z /*“[(z —y+ 4at> e
x 0 2t

74y —4doat\ _@»?
+ (y—>e 4 }godd(y)dydz},

TFg(x) =

2t

for x > 0and

1 (x—y)?
Tg(x) = { f e geven()dy
t M - even

_ o 2ax /+OO o202 f+m|:(z —-y+ 4at> ef(zjt?v)z

—Xx 0 2t
z+y—4dat\ _et»?

+ <—> e 4 |goad(V)dydz ¢,

2t
for x <O.

Throughout the text we will simply write Tt'S for the three semigroups 7;, T and TtNe“,
corresponding to the regimes 8 € [0, 1), 8 = 1 and B € (1, +00], respectively.

Remark 2.4. Since a smooth solution is a weak solution, the classical formulas (6) and (7) and
the previous proposition guarantee that the weak solutions in Theorem 2.2 are, indeed, smooth
solutions.

Notice that TN®" evolves a function in independent ways in each half-line, but 7% does not.
From this characterization of the semigroup 7%, we get almost for free the following result.

Proposition 2.5. Let u, u®, ulNew - R4 x R — [0, 1] be the unique smooth solution of (3)—(5),
respectively. Then,

lim w®(t,x) = u(t,x) and lim u®(x,t) = uN(, x),
o—>+00 a—0
Sforall (t,x) € Ry x (R\ {0}). Besides that, for fixed t > 0, the following convergence holds
Um |u®@, ) —u(t, )er@y =0 and  lim Ju®(, ) — ulNeu(s, MiLr®y =0,
o—>+00 a—0
forall p € [1, +o0].

The convergence above can be improved to some extent related to space and time simultaneously.
Since this is not the main issue of this paper, we do not enter into details on this.

2.4. Ornstein—Uhlenbeck process

Based on [9,11], we give here a characterization of the generalized Ornstein—Uhlenbeck
process which is a solution of

4%, = Ap%dt + 2y (p)Vpd ¥, @®)
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where %; is a space—time white noise of unit variance, in terms of a martingale problem. We will
see later that this process governs the equilibrium fluctuations of the density of particles. In spite
of having a dependence of %; on 8, in order to keep notation simple, we do not index on it.

In what follows ,Vf; (R) denotes the space of bounded linear functionals f : #(R) — R and
2([0, T], ,Vé (R)) (resp. ([0, T1, yé (R))) is the space of cadlag (resp. continuous) Yé (R)
valued functions endowed with the Skohorod topology.

Proposition 2.6. There exists a unique random element % taking values in the space € ([0, T],
y/é (R)) such that:

(i) For every function H € Sg(R), #;(H) and A;(H) given by

t
M (H) = H(H) — H(H) — /O Y (AgH)ds,

9)
Ni(H) = (M(H)) = 2x ()t VHIE 5
are F;-martingales, where for eacht € [0, T], % == 0 (%(H);s <t, H € S3(R)).
(ii) %0 is a Gaussian field of mean zero and covariance given on G, H € Z(R) by
Eﬁ[%(c)%(m] = X(,O)/RG(M)H(M)du- (10)

Moreover, for each H € #g(R), the stochastic process {%;(H); t > 0} is Gaussian, being the
distribution of % (H) conditionally to %y, for s < t, normal of mean %(T,’i (H) and variance
Jo T IVBT HI g dr.

We call the random element % the generalized Ornstein—Uhlenbeck process of characteristics

Ag and Vg. From the second equation in (9) and Levy’s Theorem on the martingale
characterization of Brownian motion, the process

M (H)2x ()| VpH 15,5 (11)
is a standard Brownian motion. Therefore, in view of Proposition 2.6, it makes sense to say that
2/ is the formal solution of (8).

2.5. Equilibrium density fluctuations

In order to establish the C.L.T. for the empirical measure under the invariant state v,, we need
to introduce the density fluctuation field as the linear functional acting on test functions H as

2" (H) = % > H(>) 00 = o).

X€ZL

We are in position to state the fluctuations for the density of particles.

Theorem 2.7 (C.L.T. for the Density of Particles). Consider the Markov process {n,,> : t > 0}
starting from the invariant state v,. Then, the sequence of processes {#,"},en converges in
distribution, as n — +00, with respect to the Skorohod topology of ([0, T], yé R)) to %;
in ([0, T1, 5’& (R)), the generalized Ornstein—Uhlenbeck process of characteristics Ag, Vg
which is the formal solution of the equation

A%, = Apdt + 25 (p)Ved ¥, (12)
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where W is a space—time white noise of unit variance and the operators Ag and Vg were defined
in Section 2.2.

2.6. Equilibrium current fluctuations

Next, we introduce the notion of current of particles through a fixed bond for our microscopic
dynamics of generator .%, evolving on the diffusive time scale 72 and starting from the invariant
state v,.

For a site x € Z, denote by J)’:’x Tl (t) the current of particles over the bond {x, x 4+ 1}, which
is the total number of jumps from the site x to the site x + 1 minus the total number of jumps
from the site x + 1 to the site x in the time interval [0, tn2].

Let u € R be a macroscopical point, to which we associate in the microscopical lattice the
bond of vertices {|un| — 1, |un]}. Here |un]| denotes the biggest integer not larger than un. To
simplify notation, we will simply write

J) () = JL"MJ_LLW ).

Now, we state the C.L.T. for the current. For that purpose we need to introduce some notation.
Denote by &, (-) the tail of the distribution function of a Gaussian random variable with mean
zero and variance 2t, that is, for x € R,

+oo ,—u?/4t
Dy (x) 1=/ du.
' x Nt

Theorem 2.8 (C.L.T. for the Current of Particles). Under ]P”g, foreveryt > 0 and everyu € R,

WO o

ﬁ n—400

in the sense of finite-dimensional distributions, where J,,(t) is Gaussian with covariances given
by the following.
e For B €10, 1),

EA [ (1)Ju($)] = x(p) <\/Z+\/E—,/t_s), (13)
T T T

that is J,(t) is a fractional Brownian motion of Hurst exponent 1 /4.
e For B =1,

t D (2 Aat daut4a’t b, (2
Ef (1) Ju(9)] = x(p) \/j+ 22 +4at)e eIC))
P T 20 2o

L[5, BQutdas) et )
b4 2a 20

1= By Qut da( — )ttt L+ P09 W)
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e For B € (1, +o00],

ELLJu(0)Ju($)] = X (p) <\/z [1 =™+ 2u @ 2u)
T

+ \/E[l — e—uz/s:l + 2u D5 (2u)
T

t —
—~ a [1 — e/ (f—”] —2u 452(,_S)(2u)> . (14)

T

It is of particular interest the covariance at # = 0, corresponding to the current through the
slow bond {—1, 0}. If 8 € [0, 1), the covariance corresponds to the one of a fractional Brownian
motion of Hurst exponent 1/4. If 8 € (1, +oc], the covariance equals zero as expected, since
the Neumann’s boundary conditions at x = 0 make of it an isolated boundary. Finally, for
B = 1, we obtain a family, indexed in the parameter «, of Gaussian processes interpolating
the fractional Brownian motion of parameter 1/4 and the degenerate process identically equal to
zero. Such interpolation is made clear in the next corollary. Before its statement, we emphasize
that at the critical value 8 = 1, the limit of J!(r)/+/n does depend on «. Let us denote it by
JE(@).

Corollary 2.9. Foreveryt > 0 and everyu € R,

Jy () ——— (1),
a—>—+00

where J,,(t) is the fractional Brownian motion with Hurst exponent 1/4 and

Ji () — Ju (1),
a—0

where J,,(t) is the Gaussian process with covariances given by (14). The convergence is in the
sense of finite dimensional distributions.

2.7. Fluctuations of a tagged particle

As a consequence of last construction, we are able to deduce the behavior of a single tagged
particle as done in [7,10]. For that purpose, fix p € (0, 1), u > 0 and consider 7,,> starting
from the measure v, conditioned to have a particle at the site |un ], that we denote by v;. More
precisely, VZ () = vp(-In;2(lun]) = 1). We notice that from symmetry arguments, the same
reasoning holds for u < 0. We couple the system starting from v and starting from vy, in such
a way that both processes differ at most in one site at any given time. Then, the analogue of
the results stated in Theorems 2.7 and 2.8 for the starting measure vy, follow from those results
where the system is taken starting from v,,.

Let X7} (¢) denote the position at time tn? of a tagged particle initially at the site [un|. Since
we are in dimension one, the order between particles is preserved and as a consequence, for all
k>1,

lun]+k—1
{Xu () =k} = {Jf(t) > Z nmz(x)} : (15)

x=|un]|

Last relation together with Theorem 2.8 gives us the following.
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Theorem 2.10 (C.L.T. for a Tagged Particle). Under ]P"fu,for all B € [0, +o0], every u € R and
)
t>0

%O x.0
Jno =00
in the sense of finite-dimensional distributions, where X, (t) = J,(t)/p in law and J,(t) is
the same as in Theorem 2.8. In particular, the covariances of the process X, (t) are given by
ELIXu()Xu(9)] = p 2 Ep[Ju(1) Ju(5)]

We do not present the proof of this theorem since it is very similar to the one presented in
[7,10]. We only remark that in this case the mean of the current and the tagged particle is zero
since the dynamics is symmetric. For tightness issues we refer the reader to [13], in which the
case B = 0 and @ = 1 was considered.

We observe that in the case 8 € (1, +oc], the tagged particle starting at the origin moves
microscopically but we do not see its fluctuations macroscopically, since the variance of X (¢)
equals zero.

Here we describe the paper structure. Propositions 2.3 and 2.5 are proved in Section 4. We
remark that Proposition 2.5 is an extra result, which is not applied along the text. Proposition 2.3
is invoked in Sections 5 and 6. Proposition 2.6 and Theorem 2.7 are proved in Sections 3 and
5 in the following way. The existence of the Ornstein—Uhlenbeck process and convergence of
the density fluctuation field along subsequences is proved in Section 3, while the uniqueness
of the Ornstein—Uhlenbeck process is reserved to Section 5. Theorem 2.8, Corollary 2.9 and
Theorem 2.10 are proved in Section 6. Finally, in Section 7, we present L’-estimates that are
invoked in Sections 3 and 6.

3. Central limit theorem for the density of particles

In this section we prove Theorem 2.7. As usual in convergence of stochastic process, there are
two facts to be shown: convergence of finite-dimensional distributions of %} to those of %; and
tightness of the sequence {#,"},cy. We start by the former.

3.1. Characterization of limit points

In this section we want to prove that the limit points of the sequence {#;"},cn satisfy
Proposition 2.6. We start by showing that any limit point of the sequence {#" },cn solves (9).

3.1.1. Martingale problem
By Dynkin’s formula, for a given function H € /3(R),

t
MPNH) = 2" (H) — %' (H) — / n® 2, %" (H) ds
0

is a martingale with respect to the natural filtration 4" = o (n,,2,s < t). Doing simple
computations we get
A (H) = %" (H) — %' (H) — I (H), (16)
where
77 (H) /t ! Y AL H(x) (x)d (17)
— e n — X )
t o /i n " Ngn2

X€Z
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and L, is the generator of the random walk on Z givenon H : Z — R and x € Z by

by n x+1 X n x—1 X
Cath () =& [ (= ) =7 () [ +e |7 () -7 ()]
Note that, despite we do not index, the operator L, depends on B.

We take in particular H € #3(R). By the fact that the sum erz nz]L,,H(%) is null and by
adding and subtracting fot M (AgH)ds to 7' (H), we can rewrite the martingale .#" (H) as

t
A (H) = 9" (H) — %5 (H) —/0 Y (ApH)ds — RP(H),

where
= [ LS feran (5) - o (o

and for each x € Z, the centered random variable 7,2 (x) denotes 71,2 (x) — p.

In some points ahead we will write % as zero to emphasize the discretization of space and
make easier to follow the computations.

We start by showing that R}"* (H) is negligible in L2(P5), for all H € .3(R).
Proposition 3.1. Foreveryt € [0,T], B € [0, +o0] and H € S5(R),

lim Ef [(R;”ﬁ(H))Z] —0.

n——+o0o

Proof. Separating the sites close to the slow bond, we can rewrite
| x x
R"’ﬁHzf— HZ]LH<—)—AH<—)}" d
R ox/ﬁx;,on " \n (ﬂ)n fsn (1)
+/[1 S (AgH) ! 7.2 (—1)d
0 /1 o n p n Tsn? g

tlzLHO AHO'Od 18
+/0ﬁ{n \ (;)—( p )(;)}nmms. (18)

The operator Ag distinguishes the usual Laplacian operator essentially in the domain. Outside
the macroscopic point 0, for any g, the operator Ag behaves as the usual Laplacian. Besides
that, for x # —1, 0, the term nZLn (x) is exactly the discrete Laplacian. Hence, by the classical
approximation of the continuous Laplacian by the discrete Laplacian, the first integral in (18) is
0(1/yn).

Since AgH is bounded, in order to show that the sum of the second and third integrals in (18)
goes to zero, it is enough to show that

L - /IL{nZL H<_—1>]ﬁ 2(—1)ds+/tL{n2L H(9>}ﬁ 2(0)ds
t . 0 \/ﬁ n n sn 0 \/ﬁ n n sn
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goes to zero, as n — +o00. Recalling the definition of L, we arrive at
"1 -1
= e ) - 5]
0o vn n n
2 -1 -2 _
—n“|H|— ) —H|— Nep2(—=1) ds
n n
- / L ! PR S
— n —_— —_— —_—
0 Vn n n
2_/3 O _1 -
—an H o H - N2 (0) ds. (19)

For each regime of 8, namely, 8 € [0,1), 8 = 1 and B € (1, 40o0], we present a specific

argument to show that r;’ # vanishes in LZ(]P’[;), as n — —+oo. Let us begin with the following.

e Case 8 € [0, 1).
Recall that in this case 73 (R) = .¥(R) and thus H is smooth. Let

(Anm(;f) =”2[H(le> +H( n 1) _ZHC?C)]

be the discrete Laplacian. Summing and subtracting suitable increments of H in (19), r;" P
be rewritten as

[ et [m(2) - (][5 - ()]
- (AnH)(_?l) }ﬁmz(—l)ds
o [ el ()] e m(2) - ()

~@m(2) }n (O)ds,

plus a negligible term in Lz(Pg), since H is smooth and therefore A, H is bounded. Then, we
have that

" B / _(om — ;ﬂ)[H(%) — H(%)}(ﬁmz(—l) - ﬁsnz(O))ds

Since n[H(%) - H(_Tl)] is bounded, in order to show that r,"’ﬂ goes to zero in Lz(]P’g) as

n — 400, it is enough to show that

t 2
lim Eﬂ[(/o Vg (=1) — ﬁmz(O)}ds> } =0. (20)

n—+00
For that purpose we will make use of a comparison with empirical averages on boxes of a suitable
size. Let

x+0—1

W =g ) A, @1

y=x
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denote the centered empirical average of particles in a box of size £. Summing and subtracting
the empirical mean at the sites —1 and 0, and applying the elementary inequality (a + b + ¢)* <
4(a? + b2 + ¢?), we bound the expectation in (20) from above by

' 2 , )
4Eg|:(/ ﬁ{ﬁsnz(_]) - ﬁfnz(_l)}ds) i|+4Eg|:(/0 ﬁ{ﬁfnz(_l) _ ﬁfnz(o)}ds> ]

+4Eﬂ[( / Jafit . (0) — nmz<0>}ds)2]

In order to estimate the first expectation we use Lemma 7.1 which guarantees that it is bounded
from above by Ct(anf~! + £/n), where C is a constant. By Remark 7.3 the third expectation is
bounded from above by C’t¢/n, where C’ is a constant. On the other hand, a simple computation
shows that the remaining expectation is bounded from above by Ct’n /€2, where C is a constant.
Putting together the previous computations, we have that

l‘ 2
Eg[(/ Vil (=1) = ﬁsnz(O)}ds> } < 4c(zanﬁ*‘ + e) +4C— +4c/ . (22)
0 n

Choose ¢ := en. Therefore, letting n — 400 and then ¢ — 0, the claim (20) follows.
eCase f = 1.

In this case, by the definition of .#5(R), we have that oz(H(O*) — H(O’)) = HY oM =

HM(07). Since H is continuous from the right at x = 0, we have that

0 -1 N _
H(;) _ H(7> - [mo )= H(O )} +0(/n), (23)
and
-1 -2 1) e
n|:H<7) —H(7>] =HDO7) + o(/n). (24)

We claim that the first integral in (19) is of order O(¢/+/n). Since 7,,2(—1) is bounded by
one, the modulus of the first integral in (19) is bounded by

sl ()R- o() - (2]
e o (2) 5 (] o ()02

Replacing (23) and (24) in the expression above, we get

ds

L ‘mﬂ BLH(O) — H(0) + O(1/n)] — n[HD(07) + 0(1/n)] ‘
Since ﬂ = 1 and in this case

a[H(O) —HO)]=HD©0),
it implies that the first integral in (19) is bounded by

ﬁnoa/nn = 00/,

The same holds for the second integral in (19).
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Hence, when 8 = 1, the expression r,"”3 is O(t/n), which vanishes as n — +o0.
e Case 8 € (1, +o00].
By the definition of .5 (R), since H Wty = HO(O™) = 0, we can rewrite

1 —
- / an’/2—B [H <9> - H <71)] (Mgn2(=1) = 1,2(0)) ds + O(t//n).
0

n

Since for this range of the parameter 8, H is not smooth at the point 0, in order to prove the
claim it is enough to show that:

t 2
Jim [( /0 w2 {2 (= 1) = 2 (0)] ds) } =0.

By Lemma 7.1 and by summing and subtracting nfnz(—l) and nfnz (0) as done above in the
case B € [0, 1), we can bound the previous expectation by C(tan'=# 4 ten'=2F 4 12326 /¢2),
where C is a constant. Choose ¢ := ¢n. Therefore, letting n — +o00 and then ¢ — 0, the claim
follows. [

Now, recall from (16) that .#/"(H) is a martingale. In the following section we prove
that the sequence {#;";t € [0, T]},en is tight. Moreover, we prove that the sequences
{Ft € [0, Thinen and {4]";t € [0, Tl}uen are tight. Assuming last results, let {k,}en
be a subsequence such that all the sequences {@,k”; t € [0, T]}hen, {J,k”; t € [0, T]}pen and
{///,k";t € [0, T]}uen converge. Let {#;¢ € [0,T]}, {F;t € [0, T]} and {#;;t € [0, T]}
denote the limit of those sequences, respectively.

We want to prove that {#%}; t € [0, T]}is in ([0, T], Yé(R)) and also that for H € “5(R):

t
/mH):%(H)—%(H)—fO Y (AgH) ds

is a martingale with quadratic variation given by 2 (0)t||VgH ||§’ FE Fix H € /3(R). Since we

have that for eachn € N, ///tk” (H) is a martingale, we want to show that passing to the limit in n
we obtain that .#;(H) is a martingale. We notice that the limit in distribution of a uniformly
integrable sequence of martingales is a martingale, see Proposition 4.6 of [8]. Therefore, it
is enough to show that {///,k"(H )}nen is uniformly integrable. To this end we notice that by
Lemma 7.4 we have that

Jim B[ ()P = 2 (0) 11 VB H5 . (25)

which is enough to ensure the uniform integrability.
We claim that the quadratic variation of the martingale {.#;(H); 0 < t < T} is given by
{2X(p)t||V,3H||%’ﬂ , 0 <t < T}. To this end, observe that
(" (H))? = (A" (H))110 <t < T} (26)
is a martingale for each n € N. Applying (25), the limit in distribution of (26) as n — 400 is
{(at,(H))* = 2% ()t VgH 3 4:0 <t < T}.

Thus, it suffices to show that the expression above is a martingale. Again, let us use the fact that
the limit in distribution of a uniformly integrable sequence of martingales is a martingale, now
for the sequence (26).
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By (25), the sequence (.# % (H)), is uniformly integrable. Hence, we only have to prove that
(///tk” (H))? is uniformly integrable. For that purpose we prove that ]Eg [(///,k" (H))*] is bounded
by a constant that does not depend on n. Now, we can employ, for example, Lemma 3 of [1]
which says that there exists a constant C such that

4
EAL (H)Y) < c<ﬂ«:,€[<///f" (H))*] +E- [OsupT )//ff‘" (H) — " (H)\ ])
<t<

By Lemma 7.4 the first term on the left hand side of the previous inequality is bounded. On the
other hand, since

C(H)
sup A5 (HY — % (H)| = sup |#F(H) — 7% (H)| < ,
OgtETI ! ! | 05t£T| ! ! | Vkn

the second term on the right hand side of the previous inequality is also bounded; this finishes
the proof.

3.1.2. Convergence at initial time

Proposition 3.2. %" converges in distribution to %, where % is a Gaussian field with mean
zero and covariance given by (10).

Proof. We first claim that, for every H € .#5(R) and every ¢ > 0,
92
lim logEf [exp{ie%n(ﬂ)}] - ——X(p)/ H*(u)du.
n——+o0 2 R
Since v, is a Bernoulli product measure,

o
log I/ [exp{i0%;" (H)}] = log [exp{’—ﬁ 3 no(X)H(%>”

xXeZ
- élogEﬁ [GXP{%ﬁo(X)HG)}]'

Since H is smooth except possibly at x = 0, using Taylor’s expansion the right hand side of the
last expression is equal to

62 2 (X
M (%) 1)+ 01 /v,

Taking the limit as n — 400 and using the continuity of H, the proof of the claim ends.
Replacing H by a linear combination of functions and recalling the Cramer—Wold device, the
proof finishes. O

Remark 3.3. We notice that the result stated above holds true for %; for any ¢ € [0, T]. In
particular we conclude that the Gaussian white noise is a stationary solution of (12), for any
B € [0, +-00].

3.2. Tightness

Here we prove tightness of the process {#,";¢t € [0, T]}npen. At first we notice that by
Mitoma’s criterion and Proposition 2.1, it is enough to prove tightness of the sequence of real-
valued processes {#," (H); t € [0, T} en, for H € S5(R).
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Proposition 3.4 (Mitoma’s Criterion [12]). A sequence {x;;t € [0, T} en of processes in
2(0, T], Yf; (R)) is tight with respect to the Skorohod topology if and only if the sequence
{x,(H); t € [0, T}nen of real-valued processes is tight with respect to the Skorohod topology of
2([0, T1, R), for any H € Sg(R).

Now, to show tightness of the real-valued process we use the following Aldous’ criterion.

Proposition 3.5. A sequence {x;; t € [0, T} eN of real-valued processes is tight with respect to
the Skorohod topology of 2([0, T1, R) if:

(i) limy_, 4oo limsup, . P <sup0§,§T x| > A) =0,
(i) for any e > 0, lims_.o limsup,,_, |, SUpP; <5 SUP, ¢ 7, P‘g(|x,+x — x| >8)= 0,
where It is the set of stopping times bounded by T.

Fix H € “g(R). By (16), it is enough to prove tightness of {Z'(H)}nen, {7 (H);t €
[0, Tl}nen, and {A#]'(H);t € [0, T1}sen. By Proposition 3.2 the sequence of initial fields
{@/O" (H)}nen is obviously tight. For the martingale term, the first claim of the Aldous’ criterion
is straightforwardly verified as an application of Doob’s inequality together with (40). By
Lemma 7.7, the first claim can be easily checked for the integral term. It remains to check the
second claim, which is more demanding. For that purpose, fix a stopping time t € J7. By
Chebyshev’s inequality together with Lemma 7.4 we have that

P (|75 (H) = A (D] > €)

IA

1 n 72

E—Z]Eg[(///,H(H) — M (H))]
1

< 8—22x<p>x||vﬁH||%,ﬂ

1 2
= 72x () 81IVsHI3 g,

which vanishes as § — 0. In order to check the second claim for the integral term, we use the
same argument as above together with Lemma 7.7 to have that

1 2
Py (172 (H) = 2 ()| > €) = SBR[(A2 () = A7 (H) ]
80¢ 5
< ?8 x(P)IVeHII3 g,
which vanishes as § — 0. This finishes the proof of tightness.
4. Semigroup results

Here we present the deduction of the explicit formula for the semigroup 7% associated to the
following heat equation with a boundary condition of Robin’s type

du(t, x) = 02 u(t, x), t>0,xeR\{0}
Aeu(t,0M) = deu(t,07) = af{u(r,0") —u,07)}, >0 27)
u(0, x) = g(x), x e R.

Let T; be the semigroup associated to the heat equation (3). Let f","‘ be the semigroup related to
the following partial differential equation on the half-line:
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du(t,x) =0 u(t,x), 1=0,x>0
deu(t,0M) = 20u(t,07), >0 (28)
u(0, x) = g(x), x> 0.

A direct verification shows that

T} geven(x) + f 8odd (x), forx > 0,

(29)
Ti 8even(*) — T¥godd(—x), forx <0,

TP g(x) = {
is solution of (27). Since the semigroup 7; has the classical expression given in (6), we are
therefore left to deduce an explicit expression for 7,%. Denote by u the solution of (28) and
consider v = 2au — d,u, which is the solution of the following equation

du(t, x) =02 v(t,x), t>0,x>0
v(,07) =0, t>0
v(0, x) = vo(x), x>0,

with vo(x) = 2ag(x) — 9, g(x). The last equation is the heat equation with a boundary condition
of Dirichlet’s type. The semigroup T,D‘rvo(x) associated to the last equation, is classical and is
given by

TP ug(x) = / et - wody, (30)
m
Then, we get
w(t.x) = S ago) — dugo)ldy.
Vart Jo

Solving the ordinary linear differential equation v = 2au — d,u, we get
+00
u(t, x) = e~ / e 2%y (t, 7)dz.
X
From the last two formulas, we arrive at

\/_ e /+oo[e_(z4f>2 - <‘+x> ](2(xg(y) _ ayg(y)) dydz.

Finally, an integration by parts on the term of the integral above involving 9, g yields

+00 _ )2
e e A [

— 4ot 2
+ (MTO{) H‘g) }g(y)dydz 31

TFg(x) =

Putting this formula together with (29) and (6) we get the statement of Proposition 2.3.
In possess of the expression of all the semigroups, we can proceed to the

Proof of Proposition 2.5. Recall (29). We claim that

lim T 8oda (x) = T,"*" goda (x) (32)



4174 T. Franco et al. / Stochastic Processes and their Applications 123 (2013) 41564185

and
lim 7% goad(x) = TP goaa(x) , (33)
o—> 400

where TlDir is given by (30). We observe that proving (32) and (33) is enough to conclude the
proof, since it is of easy verification that

T,g(x) = Tigeven(x) + Tszrgodd(x), for x > 0,
! Ttgeven(x) - TtDlrgOdd(_x), forx < 0,

and

TNeug(x) _ {Ttgeven(x) + TNequdd(x) forx > 0,
! T, geven(x) — TN goaa(—x), for x < 0.

Since goqq Will have no special role in the convergences (32) and (33), we will write just g
instead. We start by showing (32). First, we rewrite (31) to get

+00 2 2
~ o2 Z— Y\ _G@» Z+y\ _Gty
Tog) = J_ “ [ () F v
2 400 400 (z—y)2 2
4 “: - [ e / [ — e Jsdy d.
v am X 0

When o — 0, the second parcel on the right hand side of the previous equation vanishes. Thus,
we are concerned only with the first parcel. Its limit when o — 0 is

+00 +00 z—y 7(2_”2 Z+y _
= [T LTI ) o

Applying Fubini’s Theorem to the last expression above gives

A A [ R

2t
Solving the integral in z, we get that the last expression equals TtNeu g(x), as claimed.

Now we prove (33). We begin by splitting (31) as

- +00 1 +00 1 _ (2—y)?
TPg(x) = 20e?* / 6_2‘“— [(Z y)e_ ar
X

20 VAt 2t
z+y Et+y)*
(L i
+0o0 +oo 1 =2 _ &ty )2
+ 20 / ez / [e_ T —e & ]g(y) dydz. (34)
x 0 4t
Since
-2
/'+oo e—ZOcz iz = e 2ax 7
X 2a

we can see that the first parcel on the right hand side of (34) is an average of the function

L[t 1 z—y =n? z+y (0>
J— - T T ar d 35
2 Jo Tm[( > )e +< o )e }g(y) y (35
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over the finite measure 1y, o0) (z)e™2*% dz. Since (35) goes to zero when o — 00, we are only
concerned with the second parcel in (34). By Fubini’s Theorem, it is equal to

20x +o00 +o0 2 2
e —2az| — z=y) _ ety
g(y) 2ue [e i —e ] dzdy.
At /0 /x

Performing an integration by parts to the integral in z yields

20x 00 2 2 z=+00
e _ _ =y _ @4y
f 8(y) [—e 202 (e W —e A )
Vamt Jo 7=x

+o00 _ —v)2 2+y)?
+/ e,M(_(y 2) - _Me*%)dz dy,
. 2t 2t

which is equal to

20x +o00 +o00 2 2
: e _ (y—2) _Gc» (y+2) _ctn
TPir — 2oz (2 2 a4+ a dz |dy.
r 8(x) \/H/o g(y)[/x e ( o€ 7 ¢ z|dy

Multiplying and dividing the integral term above by 2«, and then applying the same argument on
the average previously used, we get that the limit when ¢ — +o00 is given by TtDir g(x), finishing
the proof of the pointwise convergence.

In order to conclude the L?(R) convergence, we notice that the semigroups are written in
terms of the Gaussian kernel, from which it is not difficult to get a uniform bound in «. Invoking
the Dominated Convergence Theorem the proof finishes. [

5. Proof of Proposition 2.6

The existence of the Ornstein—Uhlenbeck process solution of (8) was already proved in
Section 3. In this section we guarantee that there exists at most one random element % taking
values in ([0, T], Yé (R)) such that (i) and (ii) of Proposition 2.6 hold. The next lines follow
closely from [11, page 307]. The key result is the equality Tl’ieH - T,’BH =¢elg TlﬂH + o(e),
which is well-known for 8 € [0, 1). Since the semigroups 7% and TN°" are written in terms
of the Gaussian kernel, the same property holds for them, provided H is in the corresponding
domain. In what follows, the same arguments apply for all cases of 8, and we will just write T,’8
for the corresponding semigroup.

Fix H € #3(R) and s > 0. Recall from (11) that E//ZT(H)(ZX(,0)||V;3H||%’/3)_1/2 is a standard
Brownian motion. Therefore, by It6’s Formula, the process {X](H) ; t > s} defined by

X5 (H) =exp{%(f ~IVeHI3 5 +i (%(H) — % (H) —[%(Aw)dr)}
is a martingale. Fix S > 0. We affirm now that the process {Z; ; 0 < ¢t < S} defined by
Z, = exp {% /ot IVpTL, HI3 pdr + i@,(Tf_,H)}
is also a martingale. To prove this, consider two times 0 < #; < f, < S and a partition of

the interval [#1, 7] in n intervals of equal size, or else, 11 = sog < §1 < -+ < §, = tp, with
Sj+1 —8j = (&2 — t1)/n. Observe now that
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1 n—1
B 2
HX o _S]_H) = exp{ﬂz IVsTs_, Hllz g
j=0
n—1

+l2( Sj+1 (Tsﬁ H)

j=0
Y,(Tsﬂ H) — f @(AngéH)dr)}

As n — 400, the first sum inside the exponential above converges to
1 (2
3 / IVpTL, HI3 4 dr.

n

because it is a Riemann sum. The second sum inside the exponential can be rewritten as

B
Y (TS—z2+nl

n—1
—i—Z(%j(Tf_sj_lH—Tﬁ H) - / B (ApTY H)dr)
j=1

Since % € ([0, T], yé (R)), since Tt‘3 H is continuous in time and applying the expansion

H) — %, (T, H)

T,‘iEH - Tt’3 H = egAg T,‘3 H + o(g), we conclude that the almost sure limit of the previous
expression is just &%/, (Tb’fil2 H) - %, (Tsﬂle H) . Thus, we have obtained that
n—1
lim X5, ( sﬁ_s,- H)

n—-+o00o =0

e
=exp{5/ IVATL, HIB pr +i( % (1L, H) — %, (T >)}

51

which equals to = 22 almost surely. Since the complex exponential is bounded, the Dominated

Convergence Theorem ensures also the L' convergence, which on the other hand implies that

Zl B
Eg |:G Z_z] - nLHEoo EIB |: 1_[ XAJJrl (TS_S./ H)i| ’

3

for any bounded function G. Take G bounded and .%;, -measurable. Since for any H € .#3(R),
the process X7 (H) is a martingale, by taking the conditional expectation with respect to %, |
we can see that

Eﬁ[G ]‘[ X5, (18 H) ] [G ]_[ XW(TS’Q_SJ,H)}.

By induction, we conclude that

Eg[Gi—:] =E§[G],
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for any G bounded and .%;, -measurable, which proves that {Z;; ¢ > 0} is a martingale. From
ES1Z,|.F,] = Zs. we get

1 [ .
Eg[exp{z/o ||V,3Tsﬁ_rH||%’ﬁdr+z@,(TS'B_IH)HQ}]
L B 2 B
:exp{zfo ||VﬁTS_rH||2Yl3dr+i@S(TS_XH)},
which in turn gives
. 1 [t ‘
Eg[exp{l@,(Tf_tH)”ﬁs] :exp{—z/ ||V,3Tsﬂ_rH||%’ﬁdr+tZ’/S(T£_SH)}.
N

Since Tsﬁf JH = Ttﬁ_ s TS’LLH , performing a change of variables in H and then a change of
variables in time, we are lead to

Eg[expii@,(ﬂ)}

1 t—s
ys] =exp{—§/0 IVeTPHI3 4 dr—i—i%(T,ﬁ_SH)}.

Replacing H by x H, where x € R, we get that conditionally to .%;, the random variable %; (H)
has Gaussian distribution of mean %(T[ﬂ_ ¢H) and variance f(;_s Vg T,ﬂ H ||%’ 8 dr. Successive
conditioning implies the uniqueness of the finite dimensional distributions of the process
{#,(H); t € [0, T]}, which in turn gives uniqueness in law of the random element %/, finishing
the proof.

6. Central limit theorem for the current

In this section we follow [7,10,15]. Recall the definition of the current J)’: o 1(t) given in
Section 2.6. Since the system starts from the equilibrium v, and the dynamics is symmetric, then
Eﬁ[J;’xH ()] = 0, for any time ¢ > 0 and any site x € Z.

For any x € Z, if the number of particles in the configuration 7 is finite, we can write

VEROESDY (nmz(y)—no(y)).

y>x+1

In such case, the current through the bond {|un | — 1, [un]} can be written in terms of the density
fluctuation field #;" as

NG
where H, is the Heaviside function, or else, H, (x) = 1[4 o0)(x). Our goal is to take the limit as
n — 400 in the previous equality. At this point we face two problems. First, the equality itself
makes no sense unless the configuration n has a finite number of particles. Second, the Heaviside
function does not belong to the space .5 (IR). To overcome these difficulties, we notice that by
the conservation of the number of particles it holds that

JI (0 = T8 () = 1, (0) = mo(0). (36)

Next, we define a sequence of functions {G;‘.} jeN such that G?(x) = (1 — xj;.”)*Hu(x),
approximating the Heaviside function H,,. For these functions, the process ;" (G’;) makes sense,

= " (Hu) — %' (Hy),
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no matter the finiteness of the total number of particles. A discrete integration by parts together
with (36) gives

@n(G )_@n Gu) _ Z(G” (X+1> _G? (%)) J)?,x+1(t)'
er

As j — 400, the derivative of G’]‘. becomes zero except at the discontinuity point x = u. This
motivates the next lemma.

Lemma 6.1. For every t > 0 and for every 8 € [0, +00],
2
. J, (1)
B n _ u
jgfwap[( N — (&G — 5 (G ))> ]

uniformly over n.

Proof. Recall (16) and (17). A simple computation together with (36) shows that

_]” )
f

By the inequality (x + y)?> < 2x? 4 2y, in order to prove the lemma, it is enough to show that
the second moment of the two terms on the right hand side of the previous equality vanishes as
Jj — 400, uniformly over n.

Taking f = H, — G’; in Lemma 7.4 we have that

— (&G — 9 (G)) = A (H, — G)) + I (Hy — GY).

EALCA ()]

' {2)((,0) [%;1 (Vas (;—C))2 +n P (f (g) ~f (%)ﬂ + Of(l/j)} .

Hence, by the definition of f we can bound the previous expression by 2 (p)/j, which vanishes
as j — +o00. On the other hand, taking f = H, — G? in Lemma 7.7, we get

EAL(H (1))

<o [ 5 (s Q) e (1(2) - (51)) ]+ v

which can be bounded from above by 80z x (p)/j and vanishes as j — 4-00, finishing the proof
of this lemma. O

Proof of Theorem 2.8. The proof follows from the previous lemma and Theorem 2.7. We start
with some considerations that work for all 8 € [0, 4+00].

First we observe that the functions G? do not belong to #5(R). So, we fix j € N and
approximate each G;, in the L%(R)-norm with respect to the Lebesgue measure, by a sequence
of smooth functions of compact support, say H;' j Moreover, we choose H,Z j constant in
a neighborhood of zero, which ensures that H,?’ j € #g(R). For these functions we have
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convergence of the density fields. Moreover, for fixed ¢+ > 0 we have that

51| (9t - 7rat) | = s | (2, - 6)'|

2
=E§( D (HY (ﬁ)ﬁmzm)

er

< x()IH ; = GYII3,

which vanishes as k — +o00, by hypothesis. Hence %;" (H A ) converges to %, ”(G”) in Lz(]P’ﬁ ),
as k — +o00. By Theorem 2.7, we have that %" (H} ]) converges to %; (H “ ) in dlstrlbutlon as
n — +00. On the other hand, since for all H, G € 5”,3 (R),

EF[2(H)%(G)] = X () / b HW)G ), 37)

and since % is linear, we have
EAL(Z (H ) — %G = BLL& (HY ; — G4)°]
= x (0 Hf ; — G415

Therefore @,(H,ﬁj) converges to @,(G?) in L2, as k — +00. As a consequence of the
previous results, %”(G;‘.) converges to %; (G;‘.) in distribution, as n — +o00. By the previous
lemma, {@/,”(G’;) — %"(G‘]f)}jeN is a Cauchy sequence uniformly in n. Then, {@,(G’;) —
%(G?)} jeN 1is also a Cauchy sequence and converges, as j — +00, to some random
variable with Gaussian distribution. We denote such limit by %;(H,) — %y(H,). Therefore, the
normalized current J)! () /4/n converges to a Gaussian random variable, which formally reads as
% (H,) — %y(H,), where % is the solution of the Ornstein—Uhlenbeck equation (12). Since the
distributions of %;(H,) are Gaussian, this implies the limit current to be Gaussian distributed.

The same argument can be applied to show the same result for any vector
Jrn), ..., I ).

We claim that to compute the covariance, it is enough to compute the variance. Reversibility
plus a simple computation together with (37) yields

EAL(Ju(1))*] = 2ES[26(H, ) (% (H,) — % (H,))]
= 2 (p)(Hu, Hy — T Ha), (38)

where (-, -) denotes the inner product in L?(R). Above we used (37) despite H, is not in .75 (R).
Nevertheless, by approximating arguments as above one can get the equality for H,. Then,
linearity shows that the covariance can be written as

EA L (£) Ju(s)]

X(p)[<Huv Hu - TzﬁHu) + (Hu’ Hu - TsﬂHu> - <Huv Hu - Y;jﬁ_yHu>]

1
AR R AAOE B A

Therefore, we only need to compute the variance for each one of the regimes of 8.
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e Case § € [0, 1).
Recalling (6), we have that

B toeo too G- x) t
(Hy, Hy — Tt H,) = 1- e dy dx =,/ —
u u 4t T’

From (38) we get

Eg[-]u(t)]u(s)]=)((,0) <\/Z+\/E_ t—S>'
T T T

eCase f = 1.
Recalling Proposition 2.3, we have that (H,, H, — Tt’3 H,) is equal to

+00 —u 1 (-2 +0o0 1 e y)z
/ <1 —/ e W dy —[ dy
u —o00 24/4mt u 2V47Tl

400 ,—2az +00 —y)2 — 2+y)2
_ / e / { -y+ 4ozt e 2 +y 4octe_( ) }dy dz)dx,
x 2 u 2t/ 4w 2t/ 4t

which can be rewritten as

[ e
— e n y
u 2 —u 2/4mt

- 400 e—2az z+u v 2
—e - e #dv+ 20 — 20Dy (z —u)
/x 2 { /Z_u N '

— 20 Py (z + u)}dz)dx.

A long but elementary computation shows that

t D, (2 Aot dou 4ot F )
(Hy, Hy — TP H,) = [t 2 Qu + dan)etr et Py ( u)’
s 2a 2u

which from (38) is enough to conclude.
e Case 8 € (1, 4+o0].
Recalling (7), we have that

B oo 0 1 -2 oo 1 42
(H,H—TH):/ (1—/ e 4‘rd—/ e_4rd)dx
o L u u VAt Y u VAt Y

t
/L [1 e /f] +2u by (2u),
T

which from (38) concludes the proof. [

Proof of Corollary 2.9. In order to prove the result notice that Gaussian processes are
characterized by its covariance, and the limit of the covariance guarantees the convergence of
the processes in the sense of finite dimensional distributions. Thus, it is sufficient to show that

By, (2u + dat)etutilt gy (0 ‘
i 22 Qu +dat)e 8w By (2u) — | L1
a—0 20 20 T
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and

p P 4 dar)etautia’t Q) _

0.
a—>—+00 200 200

The first limit comes out by L’Hdopital’s Rule and the second one is a consequence of the estimate
2 2
f;oo e 2dx < Ll—le_“ 2 foraeR. O

7. Some useful L2 estimates

In this section we prove what we call Local Replacement which is fundamental in
characterizing the limit points of the density fluctuation field.

For a function g € L2(vp), we denote by Z,(g) the Dirichlet form of the function g, defined
as Z,(g) = — f g(m)-Z,8(n) v, (dn). An elementary computation shows that

S 2
Tn(g) =y 2 /(g(nx’x“) - g(n)) v (dn). 39)

x€ZL 2
Recall from (21) that

x+0—1

1
i =2 ) ).

y=x

Lemma 7.1 (Local Replacement). For B € [0, +0o0], for £ > 1 and for x = —1 it holds that
l‘ 2
_ _ 80¢
Ej [( /0 (o2 () = 7, <x>}ds) } = —x(p)(an” +¢).

In order to prove the last lemma, we use the following result.

Lemma 7.2. For B € [0, +00], for g € L2(vp), for a constant A > 0 and for x = —1, it holds
that

1
/{ﬁ(X) — 7)) g,y (dn) < Ax(p)(an? +0) + Z-@n(g),

where 9, (g) is the Dirichlet form, see (39).

Proof. In order to prove the previous lemma, we notice that by the definition of the empirical
average given in (21), we are able to write the integral in the statement of the lemma as

1 x+0—1y—1

7 Z/{n(z) — 1(z + D}gmv,dn).

y=X =X
Writing the previous expression as twice its half and performing the change of variables

n +— n>1 for which the measure v, is invariant, we get

1 x+0—1y—1

2 Z Z/(n(z) —n(z+ D)(g) — gm>*TH)v,(dn).

y=x =X
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Now, by the Cauchy—Schwarz inequality we bound the last expression by

| eyt
2 2 X [ 0@ = a0y
y=x z=x ZZ+1
x+0—1y—1
Z > cct [ e = g2, an.

To finish the proof it is enough to recall (39). [
Proof of Lemma 7.1. By Proposition A1.6.1 of [11] we have that

t 2
Eg[(/o N2 (x) — ﬁfnz(x)}ds) :| < 201[l7(x) — 7 ()12,

=20r sup {2/{7700 — it (x) g, (dn) —nz@n(g)}

gELZ(Vp)

2

=20t sup {2Ax(p)(an’3 +0) + = Du(g) — n* Dy (g)}-
4€L2(v,) A

In the last inequality we used the Schwarz inequality together with the previous lemma. Taking

2/A = n? the claim follows. [

Remark 7.3. Using the same arguments as above, we obtain the statement of Lemmas 7.1 and
7.2 for x = 0 exactly with the same bounds as for x = —1 but removing the term an?. This is a
consequence of the fact that in this case we do not cross the slow bond.

Lemma 7.4. Fix H € Sg(R). For B € [0, +oc] and for any t > 0

2
B[ (H))?] = r{zx(mE > (vnH (f—l))
1

ORI R

. 2 2
lim BALCA ()Y = 2x(0) 11 V5 H G .

and

where 4] (H) is the martingale defined in (16).
Proof. The quadratic variation of .#;* (H) is given by

| ES—

t
Cart, = [ dar - 292,90 ) Jas
0

A simple computation shows that

| 2
(t%n(H»t = /(; Z (ng(x) nmz(x + 1))2 |:I’l (H <le_ ) - A (£)>:| &

x;él

' 0 -1\\*
+ / an'=P (2 (=1) — 1,,2(0))? (H (—) - H (-)) ds. (41)
0 n n
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To finish the first claim of the lemma it is enough to take expectation with respect to v, in the
last expression.

Now, we prove the second claim. Since for all 8 € [0, +00], H € (R \ {0}), the first term
on the right side of (40) converges to 2x (p) t||V,gH||%, as n — 4o00. To finish the proof, it is
enough to analyze the second term on the right side of (40). For 8 € [0, 1) since H € ¥ (R),
by Taylor’s expansion it is easy to check that the second term above is of order Oy (n~#), which
also vanishes as n — +o00. For 8 € (1, 4+o¢], the second term on the right side of (40) is
bounded from above by tn'~#4||H ||§O, which vanishes as n — +o0. Finally, for 8 = 1, we use
Taylor’s expansion and the fact that a{H(0T) — H(07)} = HD(0™) = HD(0™) to show that
it converges, as n — 400, to 2x (p) t(H(l)(0+))2. This concludes the proof. [

Corollary 7.5. Fix H € 3 (R). For B € [0, +00] and for any t > 0
(A" (H))|

b Z ) e (u(2)-n(F) von ()] e

Proof. It is enough to use the triangular inequality in Eq. (41), together with the fact that
(N2 (X) = N2 (x +1))2 < 1,forallx € Zands > 0. [

Lemma 7.6. Let g € Lz(vp) and {F,},eN be a sequence of functions F,, : R — R. For any
constant A > 0,

[ 325 () 0 = nta + D1 (an

X€Z
x\\2 1
=Y — (8 (5)) + 2.
x,x+1
where 9, (g) is the Dirichlet form given in (39).

Proof. Rewriting the expression above as twice the half and making the transformation n +—
n%*+1 (for which the probability v, is invariant), we have

35 () e = e+ D (an

Xe€Z

/ ZFn ) ) = 0 + D0 — g™ v, ),

By the Cauchy-Schwarz inequality, for any A > 0, we bound the previous expression from
above by

L P (Fu (;ﬁ))z/{n(x) — 0@ + D} vy (dn)

2 xeZ °x,x+1

by Y s [ te = g vptam.

er

Recalling (39), the proof finishes.
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Lemma 7.7. Fix H € /g(R). For B € [0, +oo] and for any t > 0
n 2
B ()]

s [ 5 (v G e+ o () ()]

X1
where VnH(ﬁ) = n[H(XH) - H(ﬁ)] and

lim sup Eﬁ[(J"(H)) ] <801 x(MIIVHI3 4,

n——+00

where " (H) was defined in (17).

Proof. Recall the definition of .#;" (H) given in (17). A simple computation shows that

! X x—1
I(H) = VoH (2) = V,H (Z—) I n,2(0)d
7 (H) /oﬁx;;,o{ ) ( . )}n 2(x) ds

t —_
+ f Jn {VnH <9> N2 (0) — Vo H (-2) nsnz(—l)} ds
0 n n
t —_
+ f n3/2=p |:H (9> - H (—1)} (N2 (—1) = 1,,2(0)}dss
0 n n

The last expression can be rewritten as

/ Z F {nsnz(x) nsnz(x + 1)}s

0 -1
. n3/2=F [H <—>—H<—>], ifx = —1,
F - — n n
nV, H (—) , otherwise.
n
By Proposition A1.6.1 of [11], we have that

B} [ ()]

=20t sup { /ZFn =) {n(x) —n(x + Digmvy(dn) —n @(g)}

geL2(vp) xeZ

where

By Lemma 7.6, the last expression is bounded from above by

20 sup {ZA)((,O)Z - (Fn(%))%r%%(g)—nz%(g)}.

geLz(up) x,x+1

Taking A = % and by the definition of F,, the proof of the first claim ends.
n

(43)

To prove the second one, we notice the following. The first term on the right hand side of (43)
converges to 80t x (o) [|VgH ||§. The second term on the right hand side of (43) can be analyzed

as in the proof of Lemma 7.4. [
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